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^ I Abstract: In this paper, we show the existence of real-analytic stationary Navier- 

• Stokes flows with isotropic streamlines in all latitudes in some simply-connected flow re- 

pL| ■ gion on a rotating round sphere. We also exclude the possibility of having a Poiseuille's 

I I flow profile to be one of these stationary Navier-Stokes flows with isotropic stream- 

CN I lines. When the sphere is replaced by a 2-dimensional hyperbolic space, we also give 

^ the analog existence result for stationary parallel laminar Navier-Stokes flows along a 

Ph ■ circular-arc boundary portion of some compact obstacle in the 2-D hyperbolic space. 

I The existence of stationary parallel laminar Navier-Stokes flows along a straight bound- 

r-| I ary of some obstacle in the 2-D hyperbolic space is also studied. In any one of these 

^ • cases, we show that a parallel laminar flow with a Poiseuille's flow profile ceases to be 

^ , a stationary Navier-Stokes flow, due to the curvature of the background manifold. 
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^ ■ 1. Introduction: main results of this paper 

in ' 

^ ■ Part I : About the study of stationary Navier-Stokes flow with isotropic 

Q ! streamlines on a round sphere 

m ; 

■ Yoden and Yamada (TU] studied a two dimensional flow on a rotating sphere without 

■ any external force. They investigated the morphology of the stream-function and the 
^ ! vorticity field at several rotation rates. As the rotation rate increases, the temporal 

I evolution of the flow field changes drastically. In particular, they observed in [10] that 

an easterly circumpolar vortex starts to appear in high latitudes, and that the flow 
field becomes anisotropic in all the latitudes. However, to the best of our knowledge, it 
appears that these observations made in |T0] have not been investigated by means of a 
pure mathematical approach in the research literature (see however a recent article [1] 
for a analytical study of time-dependent solutions to the Euler equation on a rotating 
round sphere). In this paper we investigate existence of solutions to the following 2- 
dimensional Stationary Navier-Stokes equation on a rotating sphere, which is written 
in the language of differential 1-forms on the sphere. 

z/((-A)n* - 2Ric{u*)) + /3 cos(ar) * u* + [Vuu]* + dP = 0, 

^ ■ d*u* = 0. 

In (11. ip .* is the Hodge-star operator sending the space of differential 1-forms into it- 
self. Intuitively, the action u* — *u* should be interpreted as the rotational action 

1 



2 



CHI HIN CHAN AND TSUYOSHI YONEDA 



M — n by the angle ^ in the anti-clockwise direction. So, it turns out that the term 
P cos(ar) * u* which appears in (11. ip represents the effect upon the velocity field u due 
to the rotation of the sphere with some constant rotational speed /5 ^ 0. The operator 
d* acting on the space of smooth differential 1-forms on the sphere should be inter- 
preted as the operator —div acting on the space of smooth vector fields on the sphere. 
Notice also that the viscosity term of f 1 1.1 1) is represented as the linear combination 
of the standard Hodge Laplacian (—A) = dd* -t- d*d acting on the space of 1-forms 
on the sphere and —2Ric{u*), with Ric to be the standard Ricci tensor on the sphere 
in differential geometry. Notice that the multiplicative constant u > stands for the 
viscosity coefficient for the stationary Navier-Stokes flows governed by equation (11. ip . 
Moreover, the symbol V as appears in the nonlinear convection term of (11.11) is the 
Levi-Civita connection (which operates on the space of smooth vector fields) induced 
by the intrinsic Riemannian geometry of the sphere. 

Remark 1.1. For the precise definitions of the operators (—A), d*, *, and the Levi- 
Civita connection V in the general Riemannian manifold setting, we refer our readers 
to Definitions [Ml , EH in Section [2] and Definition EH] in Section [3] of this 
paper. For the intuitive meaning of these operators, we refer our readers to Remarks 
\2M \277[ and ICTD in Section [2] of this paper. 

Remark 1.2. Here, we would like to explain the meaning of the notation u* which 
appears in (II. ip . In the case of a general A^- dimensional Riemannian manifold M 
equipped with a Riemannian metric g{-,-), for any given smooth vector field u on M, 
we can always construct its associated 1-form, namely u* G C°°{T*M), in accordance 
with the following relation. 

(1.2) u*=g{u,-). 

Since by definition, the Riemannian metric g{-,-) on M is actually a smoothly varying 
way of assigning to each p E M the positive definite inner product gp{-,-) on the 
tangent space TpM of M at p, the above construction of the associated 1-form u* on 
M for each smooth vector field u on M actually provides a one-to-one correspondence 
between the space of smooth vector fields and the space of smooth 1-forms on M. 

Remark 1.3. The structure of (II. ip is based on the standard stationary Navier-Stokes 
equation as given in (I1.12p with an extra term (3 cos(ar) * u* being included in order 
to take the effect due to the rotational action of the sphere into our account. The 
structure of the Navier-Stokes equation as specified in (I1.12p first appeared in the 
Historical work [3] by D. Ebin and J. Marsden. Since then, equation (I1.12p (with the 
extra term dtU* in the time-dependent case) had been accepted as the standard form of 
the Navier-Stokes equation being written on a general finite dimensional Riemannian 
manifold M. Having a discussion about the research literature of the Navier-Stokes 
equation on a general Riemannian manifold is out of the scope of this paper. However, 
for further historical remarks, we refer our readers to the textbook [9] by M. Taylor, 
and also some recent works on this subject matter such as the work [2] by M. Dindos 
and M. Mitrea, the work [6] by the first author and M. Czubak, and work [8] by B. 
Khesin and G. Misiolek for instance. 

The first goal of our paper is to show that there exists a stationary Navier-Stokes flow 
solving equation (ll.ip (the same stationary flow for any rotation rates) with isotropic 
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streamlines in all the latitudes on a (rotating) sphere, and with given boundary values 
near the north polar of the sphere. Moreover, we show that there is no stationary flow 
composed by a quadratic profile (Poiseuille flow profile). 

Here, we just mention that in the case when the background manifold is just the 
standard Euclidean 2-dimensional space M^, the analog investigation of the behavior 
of parallel laminar Navier-Stokes flows around a cicuclar arc boundary portion of an 
obstacle in has been carried out in a recent paper [11] by the second author by 
means of elementary method. 

Let us to be more precise. Consider the 2-dimensional space form S'^{a'^) of posi- 
tive sectional curvature a^, which can be realized as the standard sphere {(xi, X2, X3) : 
xj + xl + xl = j^} of radius Mn M^. Consider the selected point O = (0, 0, 1) G S'^(a^), 
which can be regarded to be the North Pole of the sphere 6*^(0^), and introduce the 
standard normal polar coordinate system (r, 9) about the based point O on S'^{a'^) via 
the exponential map exp^ : ToS'^(a^) — ?■ ^^(a^) (See Definition 12.11 for the precise 
meaning of expQ, and Definition 12.21 for the precise meaning of {r,6) on S'^{a'^) ). 

The first goal of this paper is to study the existence and non-existence of locally defined 
parallel laminar Stationary Navier-Stokes flow on some local exterior region near the 
circular-arc boundary portion of some compact obstacle K in S'^{a'^). As a preparation 
for the statement of Theorem 11.41 let to be a compact set in 6*^(0^) whose boundary 
dK has a circular- arc boundary portion. K will represent an obstacle around which 
stationary Navier-Stokes flows occur. We will study stationary Navier-Stokes flows in 
some simply- connected exterior region whose boundary shares the same circular-arc 
boundary portion with dK. More precisely, suppose that, for some positive numbers 
5 G (0, ^) and r G (0,27r), dK contains the following circular-arc portion 

(1.3) C^,, = {pe S''{a^) : d{p, O) = 5, < d{p) < t}. 

That is, we have Cs,t C dK. Here, the symbol d{p, O) stands for the geodesic distance 
between p and O on the sphere iS^(— a^). For convenience, we will assume also that K 
is confined within the closed geodesic ball Bo{S) = {p G S^i^a"^) : d{p,0) ^ 6}. That 
is, we have K C Bo{5). Then, Consider the following sector-shaped open region Rsreo 
in S\a^) -K 

(1.4) Rs,r,eo = {P^ S^a"") : S < d{p, 0)<5 + eo,0< 9{p) < r}, 

with eo to be any small positive number which satisfies 5 + eo < ^. Let ■,■§§} to be 
the natural coordinate frame induced by the normal polar coordinate system (r, 9) on 
S'^{a'^) (see Definition 12.31 for the precise meaning of {^, ^} on ^^(a^) ). Then, the 
following assertion holds: 

Theorem 1.4. Consider the simply- connected exterior region Rs,T,e defined in (11. 4p . 
For the quadratic profile (Poiseuille flow profile) h{\) = ai\ — ^A^, with both ai > 
and a2 > 0, there does not exist any parallel laminar flow in the form of u = —h{r — 
'^)sin^ir)^ ti;/izc/i solvcs the stationary Navier-Stokes equation (11. ip in the region R5,T,eo 
as specified in (II. 4p . 

Remark 1.5. In the statement of Theorem 11.41 a velocity field in the form of u = 
~h(r — S) -§Q is called a parallel laminar flow along the circular-arc boundary 

portion Cs,t of the given obstacle K in S'^{a'^), exactly because each streamline of such 
a velocity field u is by itself a circular arc which keeps a constant geodesic distance 
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from the boundary portion C^ ,-. In general, a smooth velocity field u as specified on 
some open fiow region near some smooth boundary portion F of some obstacle K in a. 
2-D manifold M is called a parallel laminar fiow along the smooth boundary portion F, 
if every single streamline of u keeps a constant geodesic distance from F. This notion 
of parallel laminar fiows as employed here is consistence with the definition of parallel 
laminar fiow as given in the recent work [TT] by the second author. 

Here, let us say something about the idea of the proof of Theorem II. 4[ which will be 
given in Section [5] in details. The first step of the argument is to obtain an explicit 
formula of the following expression, for u = —h(r — S) ^-^"^^^ ^ . 

(1.5) d{iy{{-A)u* - 2Ric{u*)) + V„ii*}, 

In (11. 5p . the symbol u* stands for the associated 1-form of the vector field u, which 
is defined by the relation u* = g{u,-), with g{-,-) to be the Riemannian metric of 
the sphere S'^{a'^). Also, the symbol d stands for the exterior differential operator 
d : C°°{T*M) C°°{A^T*M) sending smooth 1-forms to smooth 2-forms on a Rie- 
mannian mainfold M, which in case of Theorem 11.41 is taken to be M = S'^{a'^). 
So, Step 1 and Step 2 in Section [3] are carried out in order to compute the terms 
(— A)n*, and the nonlinear convection term V„m* involved in equation (II. ip . These 
efforts eventually lead to the following representation formula of expression (II. 5p in 
step 3 of Section [3J 



d{u(-Au* - 2aV) + VuU*] = u{h"'ir - 5)!!!^ + 2h"ir - 5) cos(ar) 

^ ' y a 

(1.6) + ah' {r - 5){sai{ar) - . ] . ) 

sm(ar) 

+ a^h{r - 5) cos(ar)(2 H ^ — -) \dr A dO. 

sin (ar) J 

Moreover, since /9cos(ar) *u* = (3h{r — S) cos{ar) ^^^^^^^ dr, we can easily get 

(1.7) d{f3 cos r *u*} = 0. 

Then, expressions (11.60 and (ll.7p together will imply the following representation for- 
mula for d{iy{-Au* - 2o?u*) + /3cos(ar) * u* + V^-u*}. 

d{y{-Au* - 2a^u*) + /3cos(ar) * u* + V„m*} 
= //|/i'"(r - 5)!!^^ + 2h'\r - 5) cos(ar) 

(1.8) 

-\- ah{r — 5)(sin(ar) — 



sml^arj 

+ a^h{r - 5) cos(ar)(2 H 57 — 7) ^ ^6. 

sin (ar) J 

The representation formula (11.80 is valid for any smooth functions h defined on any 
open interval around the point 6. So, the representation formula (II. 8p is the key tool 
which allows us to decide whether u = —h(r — is a solution to (II. ip or not. 

This is because, in accordance with the basic knowledge in differential topology, the 
vanishing of d{u{—Au* — 2a^u*) + (3 cos(ar) *u* + V„tt*} over some simply-connected 
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open region (say for instance Rs,T,eo specified in fll.4|] ) near the circular-arc por- 
tion of the boundary of the obstacle K will immediately imply the existence of some 
locally defined smooth pressure P which solves fll.ip on the same simply-connected 
open region. In other words, this basic idea of d-closed implies d-exact on simply- 
connected region in differential topology allows us to reduce our problem to the 
one of testing whether or not d{z/(— Am* — 2a^u*) + /3 cos(ar) * u* + VuM*} totally 
vanishes on some prescribed simply-connected open region near the circlar-arc por- 
tion of OK. So, in Step 3 of Section [3l we finish the proof of Theorem 11.41 by 
showing, case by case, that for the quadratic function h{X) = aiX — ^A^, the ex- 
pression d{iy{—Au* — 2o?u*) + /3cos(ar) * u* + V„m*} would never vanish identically 
on the simply-connected region Rs,T,eo ^.s specified in fll.4p . no matter how small the 
positive number cq would be. In this way, we get a neat and clean argument show- 
ing that u = —h{r — ^)-^^^§§ is not a solution to fll.ip . for any quadratic profile 
h{X) = aiX — ^A^, with ai > 0, and a2 > 0. 

As a by product of this approach which we used in the proof of Theorem 11.41 we also 
make another important observation that the function as appears in the right hand side 
of fll.Sp is a third order linear differential operator L acting on the unknown function 
Y{r) = h{r — S). In other words, for a general parallel laminar flow in the form of 
u = ~y(^) sin°ar) ^' vanishing of d{u{—Au* — 2a^u*) + (3 cos(ar) *u* + V„it*} over 
a certain simply- connected region near the circular-arc portion of dK is equivalent to 
saying that the unknown function Y{r) = h{r — S) will solve the following 3-order 
linear ODE over some interval [6, 6 + e). 

= Y"'{rf-^^^ + 2Y"{r) cos(ar) 

(1-9) " 1 1 

+ aY'{r){sm{ar) — -) + a^Y^r) cos(ar)(2 H 5- — -). 

sin(ar) sin (ar) 

Since all the coefficient functions involved in the above 3-order ODE are all real-analytic 
over the interval (0, ^), the basic existence theorem (Theorem [33] in Section [3]) in the 
theory of linear ODE will ensure, for the prescribed initial data Y{6) = 0, Y'{6) = ai, 
and Y"{6) = —02, the existence of a unique smooth function Y{r) = h{r — 6) over 
[5, ^) which solves equation (11. 9p on (0, ^), and which at the same time turns out to be 
real-analytic on [(5, f )• This basically leads to our second basic theorem (Theorem ll.6p . 
which says that, for any prescribed constants ai > 0, 02 > 0, there exists a unique 
smooth function Y E C°°([5, f )) satisfying Y{S) = 0, Y'{6) = ai, and Y"{5) = -aa, 
which turns out to be real-analytic over f ), such that the associated parallel laminar 
flow u = —Y{r) gj^^"^^-) ^ will be a solution to (II. ip on some simply-connected open 
region near the circular-arc portion of the boundary of the compact obstacle K. 

Theorem 1.6. Consider the space form S^{a^) = {{xi, X2, x^) : x\ + x1 + x\ = -^}, 
with a > 0. Let O G S'^(a^) to he a selected based point, and let (r, 9) to he the normal 
polar coordinate system on S'^{a'^) about the based point O, which is introduced through 
the standard exponential map exp^ : {v G ToS'^(a^) : ||f || < f } — ^ 6*^(0^). 
Consider a fixed positive number 6 G (0,-^), and let K to he some compact region 
which is a subset of {p G S'^{a^) : d{p, O) < 5}, and which plays the role of an obstacle 
in 5*^(0^). Suppose further that for some positive number r G (0, 2t[), the circular arc 
Cs,T = {p ^ S'^{a'^) : d{p,0) = 6,0 < 9{p) < r} constitutes a smooth boundary portion 
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{p e S\a^) : d{p, O) = S,0< 9{p) < r} C dK. 



Then, it follows that, for any prescribed positive numbers ai > 0, a2 > 0, there 
exists some unique smooth function Y : [5, ^) — t- M satisfying Y{6) = 0, Y'{6) = 6i, 
Y"(S) = —a2, such that the associated parallel laminar flow u = sin{ar) 'Be '"'^^^ 

solve (11 .ip in the following simply connected exterior region 



which shares the same circular- arc boundary portion Cs,t with the boundary of the 
compact obstacle K. Moreover, such a unique smooth function Y : [5, -) — t- R which 
we desire turns out to be actually real-analytic on [6, ^). 

Remark 1.7. Indeed, according to the basic existence theorem (Theorem 13.31) in the 
O.D.E. theory, the conclusion of Theorem 11.61 will remain valid even if we generalize 
h to ^(A) = ao + ttiA — ^A^, with three prescribed parameters ao > 0, ai > 0, and 
a2 > 0. 

Indeed, Theorem 11.61 is a by-product which follows from an application of representa- 
tion formula (11.81) together with the use of the basic existence and uniqueness Theorem 
(Theorem 13.31 in Section [5]) for 3-order ODE with real-analytic coefficients. The very 
brief and easy proof of Theorem 11.61 will be given in Step 4 of Section [31 

At a first glance, the conclusion in Theorem 11.61 seems to state a conclusion which 
is opposite to that of Theorem II. 4[ However, this is not true at all, since Theorem 
11.41 only rules out the existence of stationary Navier-Stokes fiow in the form of n = 
~-^('") sin^ir) M' "^ith the quadratic profile (Poiseuille flow profile) Y{r) = ai(r — 5) — 
^(r — 5)^. However, Theorem 11.61 says that, as long as higher order terms beyond the 
quadratic power (r — 5)^ are allowed in the Taylor series expansion of the unknown 
function Y{r), the basic existence and uniqueness theory for 3-order linear ODE will 
ensure the existence of a unique real-analytic function Y for which u = ~Y{r)-^r^^^-^ 
will solve (II. ip in some simply-connected open region near the circular-arc portion of 
dK. Before we leave Part I of the introduction, let us make another interesting remark 
here which helps us to relate the result in Theorem 11.61 with the observations made in 
[To] by Yoden and Yamada. 

Remark 1.8. It is worthwhile to notice that, in Theorem II. 6 [ the unique real-analytic 
function Y on [S,^) which makes u = —Y{r) g^^"^^.-) ^ become a solution to (II. ID is 

independent of the constant rotational speed /5 > of the round sphere S'^(a^). In 
other words, for the same real analytic function Y on [6, ^) satisfying equation (II. 9p 
and the initial values Y{6) = 0, Y'{6) = ai, and Y"{S) = —a^, the velocity field 
u = —Y(r) g;^"^^) -§g can be realized as a stationary Navier-Stokes fiow on the rotating 

sphere /5'^(a^) with any prescribed rotational speed (3 > 0. This remark seems to be 
even more interesting when one compares the existence result as given in Theorem 11.61 
with the Numerical experiment as carried out in the work [10] by Yoden and Yamada, 
according to which easterly circumpolar vortex starts to appear in high latitudes when 
the rotational speed /3 > increases, and that the fiow field becomes anisotropic in all 
the latitudes. So, by combining the result as given in Theorem 1 1 . 6 1 and the observation 
made by Yoden and Yamada in [10], it is very tempting for one to speculate that a 
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large rotational speed jS of the rotation of the sphere 6*^(0^) about the North-South 
poles axis may have some considerable effect in stabilizing the flow pattern of the (real 
analytic) Stationary Navier-Stokes flow u = —Y{r) g^^^^-j ^ as ensured by Theorem II .61 

Part II : About the study of stationary parallel laminar Navier-Stokes fiov^^s 
around an obstacle in a hyperbolic manifold with constant negative sec- 
tional curvature. 

In the second part of the introduction, we will study the existence and non-existence 
of Stationary Navier-Stokes flows with circular-arc streamlines around some compact 
obstacle K in a 2-dimensional space-form ]HI^(— a^) of constant negative sectional cur- 
vature — a^. On such a 2-dimensional space-form EI^(— a^) with constant negative 
sectional curvature, which will also be called the 2-dimensional hyperbolic space with 
constant sectional curvature — < 0, we will study the following stationary Navier- 
Stokes equation on E[^(— a^), which again is formulated in terms of the language of 
differential 1-forms on EI^(— a^) instead of that of smooth vector fields (Again, see 



In equation fll.l2p . V stands for the standard Levi-Civita connection (covariant deriv- 
ative) acting on the space of smooth vector fields on E[^(— a^). Again, the operator 
(i* sending smooth 1-forms into the space of smooth functions on H^(— a^) is inter- 
preted as —div. The viscosity term in (11.121) consists of two terms, namely (— A)m* 
and —2Ric{u*), where (—A) = dd* + d*d is the standard Hodge Laplacian acting on 
the space of 1-forms on EI^(— a^) and Ric is the standard Ricci tensor with respect to 
the Riemannian metric of the hyperbolic manifold ]HI^(— a^). 

Here, let us explain a little bit about why we would like to extend our study of station- 
ary parallel laminar flows around circular-arc boundary portion of some obstacle to 
the case in which the background space is a hyperbolic manifold E[^(— a^) of constant 
negative sectional curvature —a^. Indeed, it is understandable that a P.D.E. specialist 
with a more practical mind (or a scientist working in the area of fluid dynamics in 
general) may find it difficult to comprehend or appreciate the meaning or significance 
of studying Navier-Stokes flow on such a hyperbolic manifold. This kind of negative 
attitude towards the study of Navier-stokes flows on hyperbolic manifolds is under- 
standable because a classical theorem due to Hilbert [S] and Efimov [1] states that 
a complete 2-dimensional Riemannian manifold with negative sectional curvature to 
be bounded above by a negative constant cannot be isometrically embedded into the 
standard Euclidean space M"^ equipped with the standard Euclidean metric. However, 
if one looks at this issue from the view point of pure mathematics, a hyperbolic space 
EI^(— a^) with constant negative sectional curvature — < is exactly the "negative 
counterpart" of the sphere S'^{a'^) with radius ^, which is the space-form of constant 
positive sectional curvature a^. So, methodically speaking, if a set of methods, such as 
those we used in Section [3l works well in the study of parallel laminar flows around 
an obstacle in the round sphere 3^(0^), one expects that the same set of methods, 
once being adopted to the setting of a hyperbolic space E[^(— a^), should work equally 



Remark [TI2]). 



(1.12) 



u{{-A)u* 



2Ric{u*)) + [Vuu]* + dP = 0, 
d*u* = 0. 
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well and should yield equally interesting results analogical to those being obtained in 
the spherical case S'^{a'^). Indeed, if one tries to compare the mathematical content 
of Section [31 which contains the proofs of Theorems 11.41 and 11.61 with Section \S[ 
which contains the proof of Theorem 11.91 the similarities between the spherical case 
and the hyperbolic counterpart are striking. In order words, from the mathematical 
view-point, it is completely natural to state and prove Theorem 1 1.9 1 which is analogical 
to the results of Theorems 11.41 and Theorem 11.61 in the spherical case. 

Theorem 1.9. Consider the 2-dimensional space form EI^(— a^) of constant negative 
sectional curvature —a^, with a > to be given. Let O G E[^(— a^) to be a selected 
based point, and let {r,6) to be the normal polar coordinate system on H^(a^) about 
the based point O, which is introduced through the standard exponential map exp^ : 
ToHI^(— a^) — EI^(— a^) (see Definition \4-^] for the precise meaning of expQ, and 
also Definition \4.4\ foi" the precise meaning of (r, 6) on ]HI^(— a^) ). 
Consider a fixed choice of positive number 6 G (0, 00), and let K to be some compact 
region which is a subset of {p G El^(a^) : d{p,0) < 6}, and which plays the role of 
an obstacle in EI^(— a^). Here, d{p,0) stands for the geodesic distance between O and 
p in El^(a^). Suppose further that for some positive number r G (0,27r), the circular 
arc Cs,T = {p G E[^(— a^) : d{p,0) = 6,0 < 6{p) < r} constitutes a smooth boundary 
portion of dK in that 

(1.13) {p G If{-a'^) : d{p, O) = 5,0 < 9{p) < r} C dK. 

Moreover, let and to be the two natural vector fields induced by the normal polar 



system (r, 6) on HI (a ) about the based point O, which are defined in Definition 4-5 
of Section Then, it follows that the following two assertions are valid. 

Assertion I For the quadratic profile h{X) = aiA — with any prescribed constants 
ai > 0, and a.2 > 0, the velocity field u = —h{r — 5)^^^f^^ does not satisfy equation 
( I1.12P on any sector-shaped region Rs,T,eo o/]HI^(— a^) specified as follow, regardless of 
how small the positive number eo > may be: 

(1.14) Rs,r,eo = {P G If{-a'^) : 6 < d{p, O) < 5 + < e{p) < r}. 

Assertion II For any prescribed positive numbers ai > 0, 02 > 0, there exists some 
unique smooth function Y : [6, 00) — )■ M satisfying Y{6) = 0, Y'{6) = a\, Y"[S) = —a^, 
such that the associated parallel laminar flow u = {f) sinh{ar) '§e '^'''^^ satisfy equation 
fll.l2p on the following simply connected exterior region: 

(1.15) Vts^r = {J5 G m^{a^) : d{p, O) > 5,0 < e{p) < r}, 

which shares the same circular- arc boundary portion Cs^r with the boundary of the 
compact obstacle K . Moreover, such a unique smooth function Y : [5, 00) M which 
we desire turns out to be actually real-analytic on [5, 00). 

We just remark that the proof of Theorem 11.91 will be given in Section [51 
The last mathematical result which we are going to give concerns the existence 
or non-existence of stationary parallel laminar Navier-Stokes flows along a geodesic 
representing the "straight edge" -boundary of some obstacle in E[^(— a^). In order to 
state this last mathematical result (Theorem ll.lOp we need to consider another pairs 
of vector fields ^ and ^ on E[^(— a^) as defined in expression fl6.4p of Section [51 

Theorem 1.10. Let EI^(— a^) to be the 2-dimensional space form with constant neg- 
ative sectional curvature —a^. Consider the "Cartesian coordinate system" $ : ^ 
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H^(— a^) on EI^(— a^), which is constructed in Section [§| of this paper, with the two 
geodesies r — )■ c(r) and s — )■ 7(5) playing the roles of the "x-axis" and the "y-axis" 
on EI^(— a^) respectively (For the precise definition 0/ $(r, s) and the roles played by 
the geodesies c and 7, see expression fl6.2p and the discussion in Section [^. Here, 
the geodesic 7 playing the role the "y-axis" of the coordinate system $(t, s) will also 
represent the "straight-edge" boundary of the an obstacle K occupying the infinite re- 
gion lying on the "left-hand side" of 'y {see (17.11) in Section\^for a precise definition 
of K). Let and to be the natural vector fields on EI^(— a^), which we define in 
expression (16 4p of Section\Bi Then, we claim that the following two assertions hold. 

Assertion I For the quadratic function h{T) = aiT — ^t^, with any given constants 
«! > and a2 > 0, the parallel laminar flow given by u = — /i(t) ^^^^^^^^^^ ^ does not 

satisfy equation (11.121) on any simply connected region fi^-o C E[^(— a^) — K in the 
following form. 

(1.16) = {pe M\-a^) : < t(p) < tq} = $ ((0, tq) x M), 

with To > to be an arbitrary constant, and the coordinate system $(r, s) on EI^(— a^) 
to be the one given in (16.21) . 

Assertion II For any prescribed positive numbers ai > 0, and ai > 0, there exists 
a unique smooth function Y G C°°([0,oo)) satisfying Y{0) = 0, Y'{0) = ai, and 
Y"(0) = —0L2 such that the associated parallel laminar flow u = — y(r) ^^^^^^^ ^ will 
solve equation (I1.12p in the whole exterior region EI^(— a^) — K = $((0,oo) x R). 
Moreover, such a unique smooth function Y : [0, 00) — )■ M which we desire turns out to 
be actually real-analytic on [0,oo). 

The proof of Theorem 1 1 . 1 1 will be given in Section [71 We also point out that, in the 
case when the background manifold is the round sphere S'^{a'^), the study of Stationary 
parallel laminar Navier-Stokes flows along a geodesic representing the boundary of some 
obstacle in S'^{a'^) is essentially covered by Theorem 11.41 and Theorem II. 6 [ simply due 
to the fact that the great circle {p G 5^(0^) : d{p, O) = ^} is a geodesic on S'^(a^) (and 
is the only possible type of geodesic on S^^ai^) up to the group of rotational isometries). 

2. Some Basic Geometry and Geometric Construction on the Space 
Form S'^{a'^) with Positive Constant Sectional Curvature 

As a preparation for the proofs of Theorems 11.41 and 11.61 in Section [3l we will discuss 
first the normal polar coordinate system and then the Hodge Laplacian on the space 
form S^{a'^) with positive sectional curvature a^, with a > to be a given constant. 
We would like to stress that all the material as presented in this section, as well as 
those in Sections 3] and El pertains to the standard, fundamental working knowl- 
edge which is basic and well-known to researchers working in differential geometry, 
geometric analysis, or differential topology. However, it seems to us that many of our 
potential readers, including P.D.E. specialists working in the areas of Navier-Stokes 
equations, may not be familiar with those basic geometric language which we employ 
in this paper. Based on this consideration, we include some necessary geometric back- 
ground here as a preparation for the differential geometric computation being done in 
the proofs of Theorems 11.41 and 11.61 in the Section [31 
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The normal polar coordinate system {r,9) on S'^{a'^), with the induced nat- 
ural moving frame ^} on S'^(a^) . 

Geometrically, the space form 8^(0^) can be realized as the sphere in M.^ with radius ^ 
and centered at the origin (0, 0, 0) of M.^. That is, we have the following identification 

(2.1) S^{a^) = S^{xi,X2,X3) : xl + xl + xl = ^| , 

where the sphere {(xi, X2, 0^3) : x1 + X2 + x^ = ^} is understood to be a sub manifold 
of M^, equipped with the standard induced Riemannian metric g{-,-) inherted from 
the background Euclidean space M^. Before we introduce the normal polar coordinate 
system on S'^{a^), we choose the point O = (0, 0, ^) G S'^{a^), which is the North Pole 
of the sphere S'^{a'^), to be the reference point at which our normal polar coordinate 
system will be based. Let ToS'^{a^) to be the tangent space of S'^{a^) at O G S'^{a^). 
Intuitively, ToS'^{a?) can be realized as the two dimensional plane in that passes 
through (0, 0, ^) and that is parallel to {(x, y,0) : x,y & M}. So, it is natural to iden- 
tify ToS^{a^) with = {{x,y) : x,y ^ M}. Recall that the tangent space TpM of a 
manifold M at p G M is, by definition, a vector space of the same dimension as that 
of the manifold M. 

Here, we need to introduce the concept of exponential map expQ : ToS'^{a'^) — )■ S'^{a'^). 

Definition 2.1. The exponential map exp^ about the reference point O G 

S'^(a^); For any vector v G ToS'^{a'^), expQ(?;) is defined as 

(2.2) expo(tO=7.(l), 

where : [0,oo) — )■ S'^(a^) is the unique geodesic on S'^{a^) which satisfies 7(0) = O 
and 5|i=o = V. 

Indeed, in accordance with (12. 2p . it is plain to see that the following relation holds for 

any vector v G ToS'^{a^) with 1^;! = 1 and any t > 0. 

(2.3) expo(tt;) = 7^(t). 

It is a well known fact that the exponential map exp^, once restricted on the open disc 
-^o(-) = {v & TpS'^^a'^) : \v\ < -}, becomes a diffeomorphism of Dq{-) onto S'^(a^) — 
{(0,0, -i)}. This means that^exp^ : I)o(f) -> S'^{a^) - {(0,0, -i)} is a smooth 
bijective map with a smooth inverse map exp^^ : S'^{a^) — {(0,0,—^)} — t- -Do(^). 
Since we have the natural identification of the space form S'^{a'^) with {(xi,X2,a:3) : 
x\ + X2 + x1 = 2^}, expQ : ToS'^{a^) — j- S'^(a^) can be given exphcitly as follow. Since 
ToS'^{a'^) is naturally identified with M^, any vector v G ToS'^{a^) with 1^;! = 1 can 
be represented as f = (cos A, sin A), for some A G [0,27r). Then, the unique geodesic 
7^ : [0, 00) — )■ S'^(a^) satisfying 7t,(0) = O, and ^|t=o = is given explicitly by 

(2.4) Ivit) = -(sin(ta) cos A, sin(ta) sin A, cos(ta)). 

a 

Hence, exp^ : -Do(^) — ^ S'^{a^) — {(0,0, —\)} can be given explicitly as follow. 

(2.5) expQ(tt') = -(sin(ta) cos A, sin(ta) sin A, cos(ta)), 
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where v = (cos A, sin A) is a unit vector in ToS^{a^), and t G [0, ^] 



We can now introduce the normal polar coordinate system on ^^(a^), through the use 
of the exponential map exp^ as follow. 

Definition 2.2. The normal polar coordinate system on the sphere S'^{a'^) 
: The normal polar coordinate system on S'^(a^) about the based point O G S'^{a^) 
is the bijective smooth map {r,9) : S^{a'^) — {(xi,0,X3) : + x| = xi ^ 0} — )■ 
(0,^) X (0,27r) defined by 



(2.6) 



(r, 9) = {r,e) o (expo^), 



where (r, 9) stands for the standard polar coordinate system (r, 9) : M^ — {(xi, 0) : Xi ^ 
0} — )■ (0, oo) X (0, 2n) on M^. In order words, the normal polar coordinate system (r, 9) 
on S'^(a^) is defined to be the composite of the standard polar coordinate system (r, 9) 
with expo' : ^2(^2) _ {(a;^, Q, Xg) : x? + x2 = ^, xi ^ 0} ^ Do(f ) - {(xi, 0) : 



on 



0^xi<^}. 

With such a normal polar coordinate system (r, 9) on S'^ 
natural, everywhere linearly independent vector fields 



§p, and 



2), we now define two 
^ on iS^fa^) as follow. 



Definition 2.3. Natural coordinate frame ^} on the sphere S^{a^) : For 
any point p G S'^{a'^) — {(xi, 0, X3) : x^ + Xg = ^, Xi ^ 0}, the vectors -^\p, in the 
tangent space Tp{S'^{a'^)) can be regarded as linear functionals on the space C°° {S'^ {a"^)) 
of smooth functions on S'^{a'^), and hence, ■§^\p, ■§q\p in TpS'^{a'^) can be defined through 
the following characterization, where f G C°° [S'^ [a"^)) . 



(2.7) 



dr 

d_ 

89 



f 



d_ 

df 



[f 



o r, 



{r,e){p) 



; 89 



[fo{r,9r'] = ^ 



The two vector fields 

or 



ir,e){p) 

and 4 on S^(a^) 



d_ 

df 

d_ 
W9 



[/oexpoo(r,i 



(r,e)(p) 



[/oexpoo(r, 



ir,e)ip) 



which are characterized by relation (12. 7p . 
are everywhere linearly independent on S'^{a'^), and they together constitutes the nat- 
ural moving frame induced by the normal polar coordinate system on S'^{a'^). Now, 
by means of the identification S^i^a"^) = {(xi, X2, X3) G : x^ + Xg + x| = we can 
express the vector fields and ^ concretely as follow. 



Since expo : {v G ToS'^{a'^) : |?;| < ^} — j- S'^{a^) — {(0, 0, — ^)} is a diffeomorphism, any 
given p E S"^ — {(0,0, — ^)} which is away from the base point O can be represented 
as p = expQ(rt>), with some uniquely determined unit vector v = (cos A, sin A) G 
ToS'^{a'^), and r G (0, ^). It turns out that -^\p, and -^\p can be expressed concretely 
as follow, with 7^; [0, 00) ^^(a^) to be the unique geodesic satisfying ■jv{0) = and 



dyv I 



(2.8) 



V, and v-^ 

d_ 

dr 

d_ 
89 



drfv 
dt 



sin A, cos A). 

= cos(ar)(i;, 0) - sin(af)(0, 0, 1) G TpS^ 



sin(ar)(f 0) = - sin(ar)(— sin A, cos A, 0) G TpS"^ 
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From (I2.8p . it follows at once that the vector fields ei = and = g^^^^r) M together 
constitute a moving frame on 5'^(a^) which is everywhere orthonormal on S'^(a^). That 
is, we know that |ei(p)| = 1, |e2(]5)| = 1, and g{ei{p), e2(p)) = holds for allp G S'^{a^). 
Here, of course the symbol g{-,-) denotes the Riemannian metric on S'^{a^), with 
\v\ = [g{v,v)]2. We also observe that the vector field 62 satisfies the following relation, 
where v G ToS'^(a^) is a unit vector, and < r < ^. 

(2.9) e2|expoM = 

which indicates that the vector field 62, once being restricted to the geodesic ray 
7„ starting from O, is a parallel along 7„. So, it follows that V*7(e2) = 0, with 

dt 

V : C°^{TS\a'^)) C°^{T*S\a'^) ® TS^a"^)) to be the Levi-Civita connection in- 
duced by the Riemannian metric g{-, ■) of S^i^a"^) (See Definition 13.11 in Section [3] 
for a precise definition of the Levi-Civita connection as induced by the intrinsic geom- 
etry of a Riemannian manifold). Upon this setting, we can now discuss the Hodge-star 
operator and the Hodge Laplacian on 5*^(0^) in the following subsection. 

The Hodge-star operator and Hodge Laplacian on S'^{a'^) in terms of the 
normal polar coordinate on S'^{a'^). 

The Hodge Laplacian (—A) = dd* + d*d on a Riemannian manifold M is an opera- 
tor sending the space C°°{T*M) of all smooth 1-forms into C°°{T*M) itself. So, the 
Hodge Laplacian (—A) on S'^{a'^) acts on differential 1-forms instead of vector fields 
on S^la^). This leads [actually forces) us to consider the natural identification of the 
space C°°{TS^{a'^)) of smooth vector fields on ^2(^2^ ^^^-^ ^-^^ ^^^^^ {T* S^a"^)) 
of smooth 1-forms, which identifies a smooth vector field v G C°° [T S"^ [a"^)) with the 
associated 1 form v* = g{v,-) G C°°(r*M). Here, g{-,-) is the Riemannian metric of 
the sphere S'^{a'^). 

Based upon the polar normal coordinate system (r, 9) on S'^{a'^) as given in Definition 
12. 2[ we have two smooth vector fields Ci = ^, and 62 = sin(ar) 'Be ' "^hich together 
constitute a positively oriented orthonormal moving frame on 

S\a^) - {(0,0,i),(0,0,^)} for the tangent bundle TS\a^) on S\a^). Then, the 
associated 1-forms e* = g{ei,-), and 62 = 5^(62, •) together constitute a positively 
oriented orthonormal moving co- frame on for the cotangent bundle T*S'^{a'^) on S^{a^). 
Indeed, the 1 forms e^, and 63 can be expressed by 

e\ = dr, 

(2.10) sin ar ,^ 

Cn = dO. 

^ a 

Here, we first define the volume form on a general oriented 2-dimensional Riemannian 
manifold M, which is a everywhere non- vanishing globally defined 2-form on M induced 
by the intrinsic Riemannian geometry of M. 

Definition 2.4. Volume form on a 2-dimensional oriented Riemannian 
manifold : Given M to be an oriented 2-dimensional Riemannian manifold equipped 
with a Riemannian metric g{-,-)- Consider two locally defined vector fields ei, 62 on 
some open region U of M which together constitute an positively oriented orthonormal 
moving frame {61,62} of the tangent bundle TM of M over U. Then, the (locally 
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defined) associated l-forms el = g{ei,-), e^ = g{e2,-) will constitute the so-called or- 
thonormal co-frame for the cotangent bundle T*M over M . Then, the volume form 
VoIm can he locally defined through the relation 

(2.11) VolM = elAel. 

It is an elementary fact in differential geometry that such a local definition of VoIm 
turns out to he independent of the choice of the locally defined positively oriented 
orthonormal frame {61,62}. Hence, our local construction gives a glohally- defined Vol- 
ume form VoIm on the whole 2-dimensional manifold M (see Chapter 2 of ^ for a 
more general discussion). 

Hence, the glohally defined volume form Vols2{a'^) on S'^{a'^) is the 2-form which can 
locally he expressed by ^0/52(^2) = e* Ae^ = ^drAdO e {A'^T* (a^)) . Here, the 
symbol C°° {A'^T* S"^ {a"^)) stands for the space of all smooth 2-forms on T*S'^{a 



Before we talk about the Hodge-star operator on S'^{a'^), we recall the general definition 
of the Hodge-Star operator on a given A^-dimensional manifold (See Chapter 2 of Jost 

0)- 

Definition 2.5. The Hodge-Star operator : In the case of a general oriented 
Riemannian manifold M of dimension N,for each integer ^ k ^ N , the Hodge-star 
operator * : C°°{a''T*M) — )■ C°°{A^~^T* M) sending the space of k forms on M to the 
space of N — k forms on M is characterized hy the following relation: For any k-forms 
a, /3, where 'g{-,-) stands for the metric on the vector hundle A^T*M induced hy the 
Remannian metric g{-,-) on M, and that VoIm is the volume form on M as defined 
in Definition \2.4\ 

(2.12) a A*P = g{a,f3)VolM- 

Since the dimension of 5*^(0^) is just 2, in the case of M = S^i^a"^) the Hodge-star 
operator * can easily be described as follow. First, * : C'^{T*S^{a^)) C'^{T*S^{a^)) 
is characterized by the following relation 

*e, = Cn 

(2.13) 

= -61 . 

Since * : C°°{a''T*M) C°°{A^-''T* M) is tensorial in that the relation *{fa) = 
f * (a) holds for any smooth function / G C°°(M) and A;- form a on a Riemannian 
manifold M. It follows that in the case of M = S'^{a'^), we have 

*ar = 60 = da, 

(2.14) ^ « 

*d9 = *[ 60] = = dr. 

sm ar sm ar sm ar 

In the structure of the Hodge Laplacian sending C°°{T*S'^{a'^)) into itself, one also en- 
counters the Hodge-star operator * : C°°{A'^T*S'^{a'^)) — C°°(S'^(a^)) sending smooth 
2-forms to smooth functions on S'^{a'^), which can be characterized via the following 
relation. 

(2.15) *Vols2^a2) = *{elAe;) = 1, 

where we note that the 2-form A 63 is the volume form Vols^i^a'^) on S'^{a'^). By using 
the tensorial property of *, it follows that *{dr A dO) = ^r^. Now, we can discuss 
the Hodge Laplacian (—A) = dd* -\- d*d, where the exterior differential operators 
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d : C^{A''T*S^{a'^)) C'=^{a''+^T* S^{a^)) and their associated adjoint operators 
d* : C~(A'=+iT*^2^a2)) ^ C°°{A''T*S^{a'^)) are involved for A; = 0, 1. The operator 
d : C°°{S^{a^)) C°°{T*S'^{a'^)) sends a smooth function / to the 1-form df, which 
can locally be expressed, in terms of the natural co-frame {dr, d6}, as follow. 

df df 

(2.16) df=^dr + ^de, 

where the smooth functions ^ and ^ are defined via fl2.7p . It is an elementary 
fact that df is independent of the choice of the coordinate frame being used in its 
characterization. Here, we express df in terms of the normal polar coordinate system 
(r, 6*), since this will give us a quick and easy way in computing {—A)u*, with u* = 
g{u,-) to be the associated 1-form of the vector field u representing a parallel laminar 
flow near some arc-shaped boundary of some obstacle in the sphere iS'^(a^). 

Remark 2.6. On a general A^-dimensional Riemannian manifold M, one should in- 
terpret the 1-form df as the gradient field V/ in the sense that the gradient of / is 
the unique vector field V/ on M characterized by the following relation, with g{-, ■) to 
be the Riemannian metric on M. 

(2.17) df = g{Vf,-). 



Next, one may characterize the operator d : C°°{T* S^{a^)) — )■ C°°{A'^T*S'^{a'^)) sending 
smooth 1-forms to 2-forms in terms of the normal polar coordinate (r, 9) as follow. 
Since every smooth 1-form a on S'^{a^) can locally be expressed as 

(2.18) a = ardr + aedd, 

with a^, and ae to be some locally defined smooth functions on S'^{a^). Then, the 
2-form da is locally expressed by 

da = daj. A dr + dag A dO 

dar ,„ , dae , 
= -TT^de Adr + -^dr A dO 
oO or 

(2.19) .dae dar. . 

= ^^-^^^^^^^ 

a fdag dar>,^. . 



sin(ar) ^ dr dd 

where in the above computation, we have implicity used the facts that dr A dr = 0, 
d9 Ad6 = 0, and d9 Adr = —dr A d6, each of these follows directly from the definition 
a A (3 = |{q;®/3 — /3®q;}, for two given smooth 1-forms a, and /3 on a smooth manifold 
M. 



Remark 2.7. We should think of the operator d sending the space of 1-forms into the 
space of 2-forms on an oriented 2-dimensional Riemannian manifold M to be the curl- 
operator which assigns sends each smooth vector field u to its vorticity function u on 
M. More precisely, consider u to be a smooth vector field on an oriented 2-dimensional 
Riemannian manifold M with Riemannian metric g{-,-)- Then, by taking the operator 
d on the associated 1-form u* = g{u, ■) of the vector field u, we yield du* = uVoIm, 
with some uniquely determined smooth function u on M, which is exactly the vorticity 
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of the vector field u. So, we should really think of the operator d sending 1-forms into 
2-forms as the natural generation of the curl-operator in the more general sense. 

We can now easily characterize the co-adjoint operators d* : C°°{/\^T* S'^{a^)) — > 
C°°(A^~^T*S'^(a^)), with p = 1,2, by means of the following standard definition in 
differential geometry (see for instance. Chapter 2 of [7]). 

Definition 2.8. The co-adjoint operators d* : Given M to be a 2-dimensional 
oriented manifold equipped with a Riemannian metric g{-,-)- For each p = 1,2, the 
coadjoint operator d* : C°°(A^T*M) — )■ C°°{AP~^T*M) sending the space of p-forms 
on M into the space of p — 1-forms on M is defined through the following relation. 

(2.20) d* = (-l)2(p+i)+i ^d* = -*d*, 

where the symbol * stands for the Hodge-Star operators as defined in Definition \2.5\ 
Two remarks about Definition 12.81 are in order here. 

Remark 2.9. We remark that, in the above formula for d*, we have included the 
extra index 2(p + 1) in the power of (—1), simply because for a general iV- dimensional 
Riemannian manifold M, the formula for d* acting on smooth p-forms is exactly d* = 

Remark 2.10. On an oriented 2-dimensional Riemannian manifold M equipped with 
Riemannian metric g{-,-), the co-adjoint operator d* : C°°{T*M) — )■ C°°{M), which 
sends 1-forms into smooth functions, should be interpreted as the divergence opera- 
tor —div acting on smooth vector fields on M in the following sense: If m is a smooth 
vector field on M, with associated 1-form u* = g{u, •). Then, it is a standard fact in 
Riemannian geometry that the following relation holds for any smooth test function 
/ e C^{M) (see Chapter 2 of [3, for instance). 

(2.21) / g{u,Vf)VolM= [ fd*u*VolM. 

However, we know that —div{u) also satisfies the following integration by parts formula, 
for any test function / G C^(M), 

(2.22) / g{u,Vf)VolM = - f fdiv{u)VolM. 

So, by comparing (12.211) with (12.221) . we are forced to conclude that d*u* = —div{u). 

3. Proof of Theorem 11.41 and the proof of Theorem 11.61 

To begin the proof of Theorem ll.4[ let us consider the space form S'^{a^) of constant 
sectional curvature > 0. Let O G S'^{a^) to be an selected reference point on S'^{a^), 
and let (r, 6) to be the normal polar coordinate on S^{a^) about the base point O, which 
we introduce in the previous section. Here, let K to be some compact region in ^^(a^), 
which is contained in the closed geodesic ball Bo{5) = {jo G S'^{a^) : d{p,0) < 6} 
for some positive radius < S < -. As in the hypothesis of Theorem ll.4[ we assume 
that dK contains a circular-arc portion in that, for some positive angle r G (0, 27r) the 
circular arc Cs,t = {p G S'^{a'^) : r(p) = 6,0 < 9{p) < r} is contained in dK. 



Now, let u to be some smooth vector field defined over the simply-connected open 
region Rs,T,eo specified in (II. 4p of Section [U with eo > to be some positive 
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number. Again, remember that the exterior region Rs,T,eo shares the same circular-arc 
boundary portion Cs^r with K. Suppose that w is a parallel laminar flow on Rs,T,to in 
the sense that u can be expressed as 

(3.1) u = -h{r-6)e2 = -h{r-6)- 



sin ar d9 



In the expression (13. ip . r, which is the first component of the normal polar coordinate 
{r,9), measures the distance of a point p G S'^{a^) from the base point O. That is, 
r{p) = d{p, O), with d{p, O) to be the Riemannian distance of p from O in the Rie- 
mannian manifold 6*^(0^). Also, in (13.11) . 62 = ^ij^^r) M second vector field in the 

orthonormal moving frame ei = 62 = ^.^"^^^ ^ . Recall that from (I2.10p . the natural 

dual coframe of the moving frame {61,62} is given by el = dr, and 6^ = '-^dO. 
Hence the volume form on 6*^(0^) is ^0/52(^2) = el A e^ = sis^dr A d9. 

Against such a setting, the first step which we take is to compute {—A)u*, with 
u* = g{u, ■) to be the associated 1-form of the parallel laminar flow u. 

Step 1 : The divergence free property d*u* = and the computation of 

(— A)^*, for u as given in (13. ip 

Here, it follows from (13. ip that the associated 1-form u* = g{u, ■) is locally given by 

(3.2) u* = -h(r-6)e; = -h(r-6f-^^^^^d9. 

a 

First, we point out that the divergence free condition d*u* = is just a direct conse- 
quence which follows from the following computation. 

d*u* = (-1)2(1+1)+! ^ ^ ^ _ sfj^^^Qy 

ct 

= *d* [h(r — 5)62] 
= — * d[h{r — 6)dr] 
= - * {d[h{r - S)] A dr} 

= - * \\^^^ — —dr A dr] 
or 



(3.3) 



In the above calculation, the third equality follows from (I2.13p . the sixth equal sign 
follows from the fact that ^^g"*^^ = 0, and the last equality is due to the fact that 
dr A dr = 0. Here, d*u* = means that the vector field u is divergence free, since one 
thinks of d* as — div when the language of smooth 1-form is translated back to the 
language of smooth vector field via the correspondence u* = g{u, ■), just as one thinks 
of the 1-form df as the gradient field V/ in the language of vector fields. 
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Now, the divergence free property d*u* = implies that {—A)u* = {dd* + d*d)u* = 
d*du*, since the term dd*u* vanishes. Then we have 

du* = -^[h{r - 5)^^^^ldr A d9 

(3 4) 

or a sm (ar) 

As a result, we have the following direct computation, in accordance with the definition 
of the operators d, and d* as discussed in the previous section. 

d , sin(ar) 

— /ir-(5 J . 

or a sm ar 



d*du* = (-1)2(2+1)+^ * d * {-^[hir - 6f-^^] ■ -^Vols^a^^} 



(3.5) 



-*d{'[hir-5f-^].^l 
or a sm (ar) 

or or a sm(ar) 

Or or a sm(ar) 

d r d , ^, sin(ar), a , ^ 
or or a sm(ar) 

or or sm (ar) 

That is, we have the following local expression for {—A)u* 

Or or sm (ar) 

(3.6) = U^^P^ + ah{r - 5)^^} ■ '^dO 

Or Or sm(ar) a 

= {h"(r - 5)!l!li^ + h'ir - 6) cos(ar) '^hir - 6)}de. 

a sm(ar) 

Next, we need to compute the convection term [V„m]*, with V : C°° {T S"^ (a^)) -> 
C°°(T*iS'^(a^) ® TS'^{a^)) to be the Levi-Civita connection (covariant derivative) act- 
ing on the space of smooth vector fields on S'^(a^) (See Definition 13.11 for the precise 
meaning of V). 

Step 2 : The computation of V^u*, for u as given in (13. ip . 

For a A^- dimensional Riemannian manifold M equipped with a Riemannian metric 
5f(-,-) in general, the Levi-Civita connection V : C^^TM) C°°{T*M (g) TM) is 
uniquely characterized as follows. 

Definition 3.1. The Levi Civita connection V : C°°{TM) C°°{T*M®TM) acting 
on the space of smooth vector fields on a N- dimensional Riemannian manifold M ( 
equipped with a Riemannian metric g{-,-) ) is uniquely determined by the following 
characterizing properties: 

• (1) [compatibility condition with the Riemannian metric (?(■,■) on M) The 
relation X{g{Y,Z)) = giVxY^Z) + g{Y,V xZ) , holds for any smooth vector 
fields X , Y , Z on M . (Here, the notation X[g{Y, Z)) stands for the directional 
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derivative of the function g{Y, Z) along the direction of X . See also Remark 

• (2) [torsion free property of the connection) V is torsion free in that the relation 
V xY — VyX — [X, Y] = 0, holds for any smooth vector fields X, Y on M. 
Here, [X, Y] = XY -YX is the Lie Bracket of X and Y. 

• (3) [Leibniz rule of V as a covariant derivative) For any smooth function f 
on M, and any smooth vector fields X, Y on M, the relation Vx(/-^) = 
-^{f) ' ^ + /Vx^ holds [here, the symbol X[^f^ stands for the derivative of f 
along the direction of the vector field X) . 

• (4) [ Tens orial property ofV) For any smooth function f on M , and any smooth 
vector fields X, Y on M, we always have V fxY = f^xY- 

Remark 3.2. In conditions (1), and (3) as given in Definition 13.11 we have em- 
ployed, for a given smooth vector field X and a smooth function / on M, the notion 
Xf, which is the rate of change of f in the direction of X. More precisely, for each 
p e M, Xf\p is defined as X f\p = ^(/o7)|(^q, with 7 : [0, e) — j- M to be some smooth 
path with 7(0) = pe M, and ^\t=o = Xp. 

Now, in the case of M = S^[a^), we again consider the locally defined parallel laminar 
flow u = —h[r — 6)62 near some circular arc portion of dQ, as defined in f l3.ip . and 
compute VuU, with V : C^[TS\a^)) -> C°^[T*S\a^) ® TS\a^)) to be the Levi- 
Civita connection with respect to the standard metric g[-, ■) on S^[a^). As a first step 
in computing V^m, we set 

(3.7) VuU = + Be2, 

where A and B are some smooth functions on the simply-connected open region Rs,T,eo 
as specified in (11 ■4p . Notice that ^, and 62 = -^i^^^ constitute an orthonormal 
moving frame on S'^(a^), it follows that 

(3.8) A = g[V.u,l), 

B = g[VuU,e2). 

Now, since lup = g[u, u) = [h[r — 6)]"^ is independent of the 6 variable, it follows from 
condition (1) of Definition 13. II that we have 

(3.9) = e2[g[u,u)) = 2g[Ve,u,u), 
from which it follows that 

B = g[VuU,e2) 

= -h[r - 6)g[Ve2U,e2) 

(3.10) =g(y^^u,-h[r-S)e2) 

= 9[^e2U,u) 
= 0, 

with the second equality follows from the tensorial property of V as specified in con- 
dition (4) in Definition 13.11 In the same way, we have 
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= -n[r - 0)^- — rg{\/d_u, —) 
sm(ar) ee ijr 

(3.11) a _ d 

= h{r-6)-^giu,Va—) 

sm[ar) se (jr 

In the above calculation, the fourth equal sign follows from the torsion-free property of 
V (condition (2) in Definition 13. ip which gives W _a_^ = V^^. Yet the validity of 

06 dr ^ 

the third equal sign is based on the following observation, which on its own is a direct 
consequence of condition (1) of Definition 13.11 

(3.12) = ^) = g(V^u. A) + V^l). 

Now, to compute the term V^^, one recall that V d_e2 = holds, since the restriction 

Or ^ dr 

of 62 along each geodesic ray 7 starting from O G S'^{a?) must be parallel along 7. 
Hence, it follows from the Leibniz rule (condition (3) in Definition 13.11 ) of the 
connection V that the following relation holds. 

d — ,sin(ar) , , , 

(3.13) Vjl^ = Vjl{ — ^62) = cos(ar)e2. 

Hence, it follows from (13. lip that 

A = hir — 5) — - — zgiu, cos(ar)e2) 
sm(ar) 



a 

sm(arj 

,acos(ar) 



(3.14) = - '^) sin(arl cos{ar)g{-h{r - 5)e2, 62) 

= -[h{r-6)f 

sm[ar) 

So, finally, we have the following expression for V^m 

(3.15) v„« = -lMr-i)f^^^. 

sm(arj or 

which immediately gives the following expression for [V„w]*, 

(3.16) [V^uT = -[h{r - 5)r^^^^dr. 

sm (ar) 

Step 3 : The proof of Theorem II. 4L 

With relations (13. 6p . and (I3.16p . we can now complete the proof of Theorem 11.41 here. 
Assume towards contradiction that there exits some sufficiently small positive number 
< ^ — S, such that there exists some smooth function P defined on the sector-shaped 
region i?5,r,eo as specified in (11.41) which solves the following stationary Navier-Stokes 
equation on i?T,eo5 with /3 G M to be a given positive constant. 

(3.17) u{-Au* - 2Ric{u*)) + (3 cos(ar) * u* + VuU* + dP = 0. 



20 CHI HIN CHAN AND TSUYOSHI YONEDA 

On the space form S'^(a^), we have Ric{u*) = (2 — l)a'^u* = a?u* , and we can rephrase 
equation fl3.17p as follow. 

(3.18) v{-/\u* - 2a\*) + (3 cos(ar) * u* + V„n* + = 0. 

According to the well-known fact that rf o d = 0, the existence of a smooth function P 
solving equation fl3.18p on the simply-connected open region Rs,T,eo as specified in fll.4p 
immediately implies that the following relation holds everywhere in the region Rs,T,eoj 

(3.19) d{iy{-Au* - 2a^u*) + f3 cos{ar) * u* + VuU*} =0. 

Recall that u* = —h{r — 5)^^^f^d6. Hence, we have, through direct computation, that 



(3.20) 



du* = -{h'{r - 6) 



sm ar 



+ h{r — 6) cos{ar)}dr A d9. 



Moreover, we deduce from (13.160 that 

(3.21) d{VuU*) = 0. 

In addition, it is also obvious that we always have the following relation 



(3.22) 



d 

d[f3cos{ar) * n*} = /?^{ cos{ar)h{r — S)]d9 A dr = 0. 



Now, in accordance with fl^ . flX^ , flX^ . and flX^ . we have 

d{u{-Au* - 2a^u*) + /?cos(ar) * u* + VuU*] 
sinfar 



(3.23) 



v{ h'"{r-Sy- 



+ a h{r — 6) cos(ar) I 2 H — 7 



+ 2h"{r — 6) cos(ar) + ah'{r — 5) ( sin(ar) 
1 



sm ar 



dr A d9. 



sm [ar) 

Now, recall that h{X) is chosen to be h{X) = aiX — in Theorem 11.41 So, we have 
h'{X) = ai — a2X, h"{X) = —02, and eventually h"'{X) = 0, for every A ^ 0. In which 
case, fl3.23p reduces down to 

d{iy{-Au* - 2o?u*) + /3cos(ar) * u* + V„n*} 

1 

(3.24) 



vl — 2a2 cos(ar) + aiai — a2{r — 5)) ( sin(ar) 

' // \ X / smiarj 



+ a?{r - 5) 



ai 



a2{r - 6) 



cos ar 



sm ar 



dr A de. 



For convenience, we will use the following abbreviation 



(3.25) 



-^Qi,Q2,<5('^) = i - 2a2Cos(ar) 



+ a{ai — a2{r — S)) ^sin(ar 
a2{r - 6) 



+ a\r - 5) 



ai 



sm (^ar 
cos(ar) I 2 + 



sin (ar) 



so that Fa-^^a^^s is a smooth function defined on (0, ^), and that we have 

(3.26) d{u{-Au* - 2a^u*) + /3cos(ar) * n* + V„n*} = //F«,,a2,5(r)dr A dO. 

Now, by insisting on the existence of a smooth P which solves f l3.18p on the simply- 
connected region Rs,T,eo as specified in ( II. 4p . the validity of f l3.19p on Rs,T,eo will follow 
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as a by-product, which in turns forces us to admit that the following relation should 
hold for every r E [6,6 + eo), 



(3.27) 



Oil ,Ol2 



Ar) = 0. 



That is, Fqi,q2,<5 should identically vanish on r G [(5, (5 + eo). In that which follows, we 
will split our argument into three cases, namely the case of < 5 < ^, then the case 
oi 6 = ^, and finally the case of ^ < 5 < In each of these cases, we will derive a 
contradiction towards the validity of the vanishing property of Fo,j^^a2,s on [6, 6 + eo). 

Case One. We first discuss the case of < 5 < In this case, we simply observe 
that we have cos{a6) > 0, and ^^^^^ — sm{a6) > 0. Based upon such an observation, 
we deduce at once that the following property holds as long as ai > 0, and a2 > 0, 

1 



(3.28) 



ai,a2 



^s{6) = —2a2 cos{a6) — aai 



sin{a6) < 0. 



^sin(a5) 

The validity of the above relation at once implies that, for some sufficiently small 
ei G (0, eo), we will have the following property 

• F'ai,a2,s{f) < holds, for all r G [6,6 + ei), 
which directly contradicts the everywhere vanishing property of -Fai,a2,5(^) on [6,6+60). 
So, in this contradiction has been arrived, which ensures the non-existence of 

a smooth P solving fl3.18p on the sector-shaped region Rs,T,eo as specified in (11.41) . re- 
gardless of how small its angle r or thickness eo would be. 



Case Two. We now deal with the case of 5 = ^. The problem involved here is that 
Faj^^a2,j-ij^) = 0- So, we look at the quantity ^(sin^(ar)FQ,^_Q,2_jL)|r=^ instead. 
First, we have 

(3.29) 

sin^ (ar)FQ,^ 02 jL(r) = — 2a2Cos(ar) sin^(ar) 

7T 



+ a tti - 02 r - 



2a 



+ a' 



IT 

2a 



\^\vc\ar) 
2a)\ 



Now, observe that 



0L2 
~2 

d 

— {— 2^2 cos(ar) sin^(ar)} 
or 



- sin(ar)) 

cos(ar) (2 sin^ (ar) + 1). 



(3.30) 



d_ 

dr 



d_ 

dr 

TT 

2a 



a \ ai — a2 [r 



2a) 



sm ar — sm ar 



ai 



— — j cos(ar) (2 sin^ (ar) + 1) I 



2aa2) 

0, 

0. 



Hence, it follows from fl3.29p . and f l3.30p that we have 



(3.31) 



d_ 

dr 



>in2 (ar)F„j, 



2aa2 > 0, 



which, together with Fa^^a2,^ 
some sufficiently small ei G (0, eo) 



■ 2a' 



0, imply that the following property holds for 



sin^(ar)Fc,,, 



JL > holds for all r G (v, , ^ 

'2a \ 2a ' 2a 
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However, the above property is again in direct conflict with the fact that jl 
should identically vanish on ^ + ^o), should there be a smooth P solving equation 
fl3.18p on the sector-shaped region R5,T,eo as specified in (11. 4p . Again, this contradiction 
ensures the non-existence of a smooth function P solving (13.181) on Rs^T,eo as specified 
in ([13D. 



Case Three. We now consider the case of < 6 < which is the most delicate 
one among the three cases. The delicate issue here is that cos{a6) < 0. Here, we will 
use the basic theory of second order linear ODE to treat this case. As in the previous 
cases, by insisting on the existence of a smooth P solving (13.181) on Rs,T,eo specified 
in (ll.4p . we will arrive at the consequence that the function must identically 

vanish over [5^5 + eo). But this is the same as saying that the quadratic function 
Y{r) = ai{r — 5) — ^{r — will be a local solution to the following linear second 
order ODE on the interval [(5, 5 + eo). 

(3.32) y"{r) + Qi{r)y\r) + Q2{r)y{r) = 0, 

where Qi, Q2 are the real- analytic functions on (^, f ) defined by 



Qii'"') = 7; 7 — V ( sin(ar) 



(3.33) 



2 cos(ar) \ sin(ar ] 



a" 



Q2{r) = - 2 



2 \^ ' sin^ (ar) 

In accordance with the basic existence and uniqueness theory for second order ODE's, 
the local solution Y on [5, 5 + eo) as represented by the quadratic function Y{r) = 
ai{r — S) — ^{r — Sy can be uniquely extended to a global solution Z to equation (I3.32p 
on the whole interval (^, ■^). In addition, since the coefficient functions Qi{r), and 
Q2{f) are real- analytic on (^, ^), such a global solution Z must also be real analytic 
on (^, ^). So, the power series representation Z{r) = J2T=o '^''(''^ ~ real- 
analytic solution Z about the point ^ should have its radius of convergence to be at 
least ^. That is, Z can be represented by J2T=o — which converges absolutely 
for all r G (^, ^). Now, we consider the following two holomorphic functions, which 
are the complexifications of the real analytic functions Y{r) = ai{r — 6) — ^(r — 5)^ 
and Z(r) = J^kLo — respectively. 

Y{w) = a,{w-6)-^{w-6f, 

(3-34) ^ ^ ^ 37r 

k=0 ^ 

Since the radius of convergence of J^kLo^kir — is at least ^, the holomorphic 
function 7i{w) = YlT=o^k{u! — is well-defined at least on the open ball {w & C : 
\w — ^\ < j^} in C Recall that the real analytic solution Z to (I3.32p arises as the 
unique extension of the local solution Y{r) = h{r — 5) in that 

(3.35) = y, 

which means the same as saying that the two holomorphic functions Z and Y coincide 
on the line segment {r : 5 < r < 6 + eo}, which by itself is included in the open 
disc {w E C : J-}. So, it follows from the identity theorem of the complex 

function theory that Z must be identical to the entire function Y on C, which basically 
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says that the power series YlT=o '^k{w — j^)'' is identical to ai{r — 6) — ^(r — 5)^, for 
all w e C. So, we deduce that the global real-analytic solution Z to (13.321) must be 
identical to the quadratic function ai{r — 6) — ^{r — 6Y over the whole interval f ), 
which is the same as saying that we have the following identity for all r G with 
y(r) to be the quadratic function Y{r) = ai(r — S) — ^(r — 5)^, 



(3.36) 



Y"{r) + QiY'ir) + Q2{r)Y{r) = 0. 



To finish the argument, we will derive a contradiction against identity (13.361) through 
investigating the limiting behavior of y'(r) + (5i(r)y(r) -|-(52('")^('") as r — Now, 
we will further split the discussion into two subcases subordinate to Case Three. 
First, we consider the subcase when ~ ~ ^) is not zero. In this subcase, we 
have the following relations, which follow from direct computations. 



lim sin(ar)y"(r) = 0, 



(3.37) 



lim sm{ar)Qi{r)Y' (r) 

a 

lim sm{ar)Q2{r)Y{r) 



a 
2 

oo, 



a2\ - - 6 
\a 



from which it follows at once that 



(3.38) 



lim sin(ar)[F"(r) + QiY\r) + Q2{r)Y{r)] = oo. 



which is in direct conflict with identity (I3.36p . which is supposed to hold on the whole 
interval (^, ^). So, in this subcase, we can rule out the possibility of having a smooth 
function P solving (I3.18P on the simply-connected open region Rsreo as specified in 



Next, we deal with the remaining subcase when ai = ^(^ — 5). For this case, it is 
immediate to see that 



(3.39) 



ai-y(r-5) = -(--r), 



a,-a2{r-6) = ^(--2r + 6). 

2 \a / 

Hence, it follows that 

cos(ar)[r'(r) + Qi{r)Y'{r) + Q2{r)Y{r)] 

aa2 /TT \ 2 / ^\ f'^ \ 
(3 40) ~ ~2a2 cos(ar) H — — y 2r + oj sin(ar) + a a2[r — o) y r j cos(ar 

27 — ^ I (^2r sin(ar) — a(r — S) (^r j cos(ar)| 



2 sin (ar) 

However, we see that the following relations follow from direct computation. 
(3.41) 

lim |— 2a2COs(ar) + ^ 2r + 6^ sin(ar) + 0^02 ~ ^ cos(ar)| = 2^2 



lim — — - i I 2r 



ys-- 2 sin (ar) 



6^ sin(ar) — a(r — 6) (^r j cos(ar)| 



a2 
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from which we deduce that 

(3.42) hm cos{ar)[Y"{r) + Qi{r)Y'{r) + Q2{r)Y{r)] = — G M - {0}, 

r^IL- 2 

a 

which again is in direct conflict with identity fl3.36p . whose vahdity is supposed to be 
on the whole interval (^, ^). So, this contradiction rules out the possibility of having a 
smooth P solving (13.181) on the sector-shaped region Rs^r^eo as specified in (II. 4p . So, we 
have finished the proof for Theorem II. 4[ In the proof of Theorem II. 4^ we have already 
used the following basic existence and uniqueness theorem for linear ODE with real 
analytic coefficients, which can be found in standard ODE textbooks. 

Theorem 3.3. Consider the following linear equation about the unknown solution 
Y{t): 

(3.43) y(")(t) + Q„„i(t)y('^"^)(t) + Qn^2m^''~^\t) + •••• + Q^mit) = 0, 

where Qj are the prescribed real analytic coefficient functions defined on some open 
interval {a,b). Here, the symbol Y^^\t) stands for the j-order derivative of Y . Let 
6 G (a, 6) to be some selected based point in {a,b). Then, for any prescribed real 
numbers (3^, j5i, (^2, ■■■ l^n-i, there exists a unique real analytic solution Y : (a, 6) — )■ M 
to the linear ODE (I3.43P which at the same time satisfies the initial values Y^^\S) = f3j, 
for every < j < n — 1. 

Now, with the help of Theorem 13.31 we can now give a very brief proof for Theorem 
11.61 as follow. 

Step 4 : The proof of Theorem 11.61 

To begin, we again consider the following representation formula, which we obtain 
through the efforts spent in Step 1 and Step 2 of this Section, and which is valid for 
any parallel laminar flow u = —Y(r) gj^"^^-, with Y{r) = h{r — 6) to be any possible 
smooth function defined on some open interval about the based point 6. 



(3.44) 



d{u{-Au* - 2a^u*) + /3cos(ar) * u* + V„m*} 
= z/|y'"(r)^^^^^ + 2Y"{r) cos(ar) + aY'{r) (sm{ar) ^ 



a V sm( ar, 

+ a^y(r) cos(ar) ( 2 H — r ) ^dr A d6. 

sin (ar 



As we have already mentioned in the introduction, to see whether equation (I3.18P will 
admit a solution in the form of ti = ~Y{r)-^r^^^^ on the simply-connected open region 
fls,T as specified in (II. lip , with Y{r) = h{r — 6) to be some unknown function, it is 
enough to check whether the smooth 2-form (i|z/(— Au*— 20^^*)+/? cos(ar)*M*-|-V„«*} 
will vanish identically over the same simply-connected open region Qs,t C S'^(a^). This 
is because the d-closed property of z/(— A-u* — 2a^u*) + /3cos(ar) * n* + V^n* over any 
simply-connected open region in 6*^(0^) — K will at once ensure the existence of a 
smooth pressure function P which solves equation (I3.18P on the same simply-connected 
open region. In order words, u = sin{ar) §9 solve equation (I3.18P on the 

simply-connected open region VL^j. as specified in (II. lip if and only if the unknown 
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function Y{r) = h{r — 6) will satisfy the following 3-order linear ODE on [6, -). 
(3.45) 

Y"'ir)+2aY'\r)—^WY'ir) 1 - . +a^y r— ^ 2 + = 0. 

sin(ar) \ sin^(ar) / sin(ar) \ sin^(ar) / 

However, it is quite obvious that all the coefficient functions appearing in the above 
3-order linear ODE are all real-analytic functions on the open interval (0, ^). As a 
result, Theorem 13.31 ensures that there exits a unique real analytic function Y defined 
on the whole interval (0, ^) which solves the 3-order ODE f l3.45p . and which satisfies the 
prescribed initial values Y{6) = 0, Y'{6) = ai, and Y"{d) = —a^-, where ai, are some 
arbitrary given positive numbers. For such a unique analytic solution y : (0, ^) — > M 
to equation fl3.45l) . the associated parallel laminar fiow u = —Y(r) g-^"^^^ ^ will solve 
equation fl3.18p on the simply-connected open region Qs,t as specified in f ll.lip . So, 
the proof of Theorem 11.61 is completed. 

4. Basic geometry of E[^(-a^) : The visualization of M^{-a^) through 

THE USE OF THE HYPERBOLOID MODEL, AND THE GEODESIC NORMAL POLAR 

COORDINATE ON Hl^(-a^). 

The objective of this section is to give a brief introduction to the geometry of the space 
form EI^(— a^) of constant negative sectional curvature —a^ < 0. Again, all the materi- 
als as presented in this section are standard facts well-known to differential geometers. 
The purpose of this section, however, is to spell out the basic notions and geometric 
language which we will use in those differential-geometric calculations in Section [51 
We will first give a description of ]HI^(— a^) through the use of the so-called hyperboloid 
model. 

In the following presentation, we closely follow the standard construction of the hy- 
perboloid model of EI^(— a^) as given in pages 201 to 202 of [7j. 

Definition 4.1. (The characterization of E[^(— a^) by means of the hyper- 
boloid model). Consider the linear space V'^ = {{xo,xi,X2) '■ xo,xi,X2 G M} which 
is equipped with the following quadratic form < ■, ■ >: ® — )■ M. 

(4.1) < x,y >= -xoyo + xiyi + X2y2, 
with X, y to be any two elements in the linear space Y^. 

Notice that V"^ which is equipped with quadratic form fl4.ll) is not the same as the 
Euclidean space M"^. Then, we define E[^(— a^) as follow. 

(4.2) m^i-a^) = {xeY^ :< x,x >= ^,Xo > 0|. 

Then, it is clear that H^(— a^) is represented as a branch of the hyperboloid < x,x >= 
Hence, topologically, H ( differentiable manifold on its own, is diffeomor- 

phic to R2 (Be careful, If{ —a^) as a Riemannian manifold is not the same as the 
Euclidean space M^). Next, we would like to construct the Riemannian metric g{-^ ■) 
on the 2-dimensional manifold E[^(— a^) as follow. Here, for any point p G EI^(— a^), we 
consider the symmetric bilinear form ( — dxQ ® dxo + dxi ® dxi + dx2 ® dx2) \^ acting 

on the tangent space TpV^ of at p, which is described as follow. 

(4.3) ( — dxo ® dxo + dxi ® dxi + dx2 ® dx2) \ {v, w) = —vqivq + viWi + V2W2, 
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where v, w & TpY^. Then, for the point p G HI^(— a^), we consider the positive definite 
inner product gp{-,-) on the tangent space TpM.'^{—a^), which is defined to be the 
restriction of the symmetric bihnear form ( — dxo ® dxo + dxi ® dxi + dx2 ® dx2) 1^ 

onto the vector subspace rpEI^(— a^) of TpV^. Then, this smoothly varying family of 
positive definite inner products gp{-, ■) : Tplf{-a^)(g)TpB.'^{-a'^) M, for p G ^^{-0^) 
constitutes the Riemannian metric g{-, ■) on ]HI^(— a^). In order to further clarify the 
content of the above definition of H^(— a^), a few remarks are in order here. 

Remark 4.2. The 2-dimensional space form E[^(— a^) with constant sectional curva- 
ture — < is often called the 2-dimensional hyperbolic space (or hyperbolic man- 
ifold) of constant sectional curvature — a^. If we consider the group 0(2, 1) which 
consists of all those linear maps on which leave the quadratic form < ■ > as spec- 
ified in (14. ip invariant, and which map the Xo-axis onto itself, then this group 0(2, 1) 
will leave H[^(— a^) invariant. Actually, 0(2, 1) is exactly the group of isometries which 
acts transitively on ]H[^(— a^) (see discussions on page 202 of the textbook [^). So, it 
turns out that the geometric structure of the hyperbolic space ]HI^(— a^) around any 
selected point p G ]HI^(— a^) looks exactly the same, regardless of where the selected 
point p of reference is. This just says that, for any two points p, q in EI^(— a^), the 
geometric structure of M^{—a'^) around p is identical to the geometric structure of 
EI^(— a^) around q, up to an isometry T from 0(2, 1) sending p to T{p) = q. So, in the 
following discussion, we can just, without the loss of generality, choose the preferred 
reference point O in EI^(— a^) to be just O = (^,0,0). 

Here, for the clarity of our presentation, we just select our preferred based point O in 
]HI^(— a^) to be O = (^,0,0). That is, O is located at the vertex of the hyperboloid 
{x G :< x,x >= ^2,^0 > 0}. We stress again that such a choice of O is a choice 
without the loss of generality, due to the homogeneous structure of the hyperbolic 
manifold E[^(— a^). Now, we will give a concrete description of the exponential map 
expo : ToH2(-a2) B^{-a'^) which maps the tangent space ToB.'^{-a'^) of If{-a'^) 
at O onto the manifold ]HI^(— a^) itself. Recall that such an exponential map is defined 
abstractly in the following manner. 

Definition 4.3. The exponential map on the hyperbolic space H[^(— a^) ; For 
any v G ToHI^(— a^) with \\v\\ = 1, we consider the uniquely determined (^unit speedj 
geodesic : [0, 00) — )■ EI^(— a^) which satisfies c^(0) = O, and c(0) = v. Then, it 
follows that for any r > 0, expo(rf) is defined to be 

(4.4) expo{rv) = Cy{r). 

It is a basic differential geometric fact that the exponential map expQ : To]HI^(— a^) — )■ 
]HI^(— a^) as specified in Definition 14.31 is a smooth bijective map of the tangent space 
roIH[^(— a^) onto H^(— a^), whose inverse map exp"^ : E[^(— a^) — )■ To]HI^(— a^) is also 
smooth. That is, expo is a diffeomorphism from To]HI^(— a^) = onto EI^(— a^). 

Now, by means of the concrete hyperboloid model of EI^(— a^) as given in Definition 
14. H for the reference point O = (^,0,0), the exponential map exp^ : ToH^(— a^) — >■ 
EI^(— a^) can be expressed concretely as follow. Notice that the tangent space ToH^(— a^) 
can naturally be identified with the plane {(0,^1,^2) : vi,V2 G M} in the linear space 
V^. So, for any vector v = {0,vi,V2) G ToH^(— a^) with \\v\\ = 1, the geodesic 
Cy : [0,00) — H[^(— a^) satisfying c^(0) = O, and c(0) = f is expressed concretely as 
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follow. 

(4.5) c,(r) = cosh(ar)(-, 0, 0) + !l^^ilM(o, v,, V2). 

a a 



Hence, for any unit vector v in Tq^'^I 
explicitly as follow. 



and any r > 0, the term expQ{rv) is given 



(4.6) 



1 sillllfttT') 

expQ(rv) = cosh(ar)(-, 0, 0) H (0, Vi, V2). 

a a 



We can now define the normal polar coordinate system (r, 6) on E[(— a^) about the 
reference point O as follow. 

Definition 4.4. The normal polar coordinate system on EI^(— a^) ; The nor- 
mal polar coordinate system on HI^(— a^) about the point O is the smooth map {r,9) : 
H2(-a2) (0,cx)) X (0,27r) defined by 

-1 



(4.7) 



expo 



in which (r, 6) is the standard polar coordinate system on the Euclidean 2-space 
(here, we identify the tangent space To^'^{—a'^) with M.^). 

By means of such a normal polar coordinate system {r,9) on EI^(— a^), we can define 
two natural vector fields ^ and ^ on H[^(— a^) as follow. 



a^) ; For each p G 

and m TpW{ —a ) are defined as linear derivations 
— a^)) of smooth functions onE[^(— a^) through the following 



Definition 4.5. Natural coordinate frame {^,^} on H 
HI^(— a^), the vectors ^ 

acting on the space C°°(E 
relations. 

d_ 

dr 

(4. 

f 



df 



if 



o r, 



d_ 

89 



d_ 



if 



o (r. 



(tMp) 



d_ 

df 

d_ 



[/oexpoo(r,i 



(rmp) 



[/oexpoo(r, 



{r,e)ip) 



where f can be any smooth function on EI^(— a^). 

Now, thanks to the concrete expression for the exponential map exp^ as given in fl4.6p . 
we can give concrete expressions for the natural vector fields and ^ on EI^(— a^) 
as follow. 



(4.9) 



d_ 

dr 

d_ 

89 



cxpo (rv) 



^(expo(rf)) = sinh(ar)(l, 0, 0) + cosh(ar)f , 
sinh (ar) 



cxpo (rv) 

where v = {0,Vi,V2) G ToB.'^( 



is any unit vector in rolH[^(— a^), with v- 



(0, —V2,Vi), and r > is any positive number. Now if we consider the smooth vector 
field 62 on H[^(— a^) which is defined by 

a d 

(4.10) 



62 



sinh (ar) 89 ' 

then the restriction of such a smooth vector field 62 along each geodesic Cy must be a 
parallel vector field along c^, simply because the second expression in (14.91) informs us 
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that 

(4.11) 62! , , = eal , . = v-^. 

The above expression further informs us that we must have Vc„e2 = 0, for any direction 
indicated by the unit vector v = (0, vi,V2) G To(]H[^(— a^)). Here, the symbol V stands 
for the Levi-Civita connection acting on the space of smooth vector fields on EI^(— a^), 
which is naturally induced by the intrinsic Riemannian geometry of E[^(— a^). So, it 
turns out that the vector fields Ci = ^, 62 = smh{ar) §e constitute a positively oriented 
orthonormal moving frame {61,62} of the tangent bundle TE[^(— a^) of EI^(— a^). 

Due to the fact that we will work with differential operators, such as the Hodge's 
Laplacian (—A) = dd* + d*d or the exterior differential operator d etc, which can 
only naturally operate on differential 1-forms on HI^(— a^), we will consider the two 
associated 1-forms e'l = g{ei,-), and 62 = 9(^2, ■) of the vector fields 61, 62 respectively, 
which together constitute the orthnormal co- frame of the cotangent bundle T*]EP{—a'^). 
Indeed, the associated 1-forms el, and 63 on E[^(— a^) are given by 

el = dr, 

(4.12) ^ sinh(ar) 



de. 

a 

Then, the volume form V^o/e2(-a2) on the hyperbolic space EI^(— a^) (see Definition 
12. 4p can be locally expressed by 

Slllll ( CLT ) 

(4.13) Volu^-a^) = elAe*2 = ^"^^^ ^ 

In dealing with the Hodge Laplacian (—A) = dd* + d*d, and the co-adjoint op- 
erator d* of d, we will encounter the Hodge-star operator * : C°°{T*lP{—a^)) — )■ 
C°°(T*H[^(— a^)) which sends 1-forms into 1-forms on EI^(— a^), and also the Hodge- 
Star operator * : C°°{A'^T*M) — C°°{M) which sends 2-forms into smooth functions 
on EI^(— a^) (See Definition 12.51 for the precise definitions of these Hodge Star oper- 
ators) . 

Indeed, the Hodge-Star operator * : C^{T*If{-a'^)) C°°{T*If{-a'^)) can be lo- 
cally expressed in the following way, through the use of the orthonormal co-frame 
{61,62} as specified in fl4.12p . 

* * 

^e^ — 69, 

(4.14) 

= -61. 

Then, in accordance with the tensorial property *{fuj) = /* (w), with / to be a smooth 
function and w to be a differential form on E[^(— a^), of the Hodge-Star operator *, it is 
plain to see, from fl4.14D . that *dr = ^^^^^^^d9, and that *d9 = . w e% = — . w s dr. 

^ ' ^ V ' a ' smh(ar) ^ sinh(ar) 

On the other hand, the Hodge-Star operator * : C°°{A^T*W^{-a^)) -> C°^{M?{-a'^)) 
sending smooth 2-forms into smooth functions on EI^(— a^) can be expressed by the 
following single relation, with yo/e2(_a2) to be the standard volume form on E[^(— a^). 

(4.15) * V^o/H2(_a2) = 1. 
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5. About stationary Navier-Stokes flows with circular-arc 
streamlines around an obstacle in ]ep{-a^) : the proof of theorem 

O] 

To begin the argument, let X to be a given compact region in EI^(— a^) which is entirely 
contained in Bo{S), where Bo{5) = {p G E[^(— a^) : d{p,0) < 6} is the open geodesic 
ball centered at O, and with radius (5 > in the hyperbolic manifold EI^(— a^). Let 
(r, 9) to be the normal polar coordinate system on E[^(— a^) about the reference point 
O e IH[^(— a^) which is specified in Definition 14.41 Suppose further that dK contains 
a circular-arc portion Cs,t = {p G HI^(— a^) : r(p) = d{p,0) = S,0 < 6{p) < r}, 
with some angle r G (0, 27r). Let ^ to be the two natural vector fields on HI^(— a^) 
induced by the normal polar coordinate system (r, 6) (see Definition 14. 5p . Under such 
setting, we now consider a velocity field of the following form, with h G C°°([5, 5 + eo)) 
to be some smooth function defined on an interval [5, 5 + eo) of length eo > 0. 

d d 

(5.1) u = -h{r - 5)62 = -h{r - 5)^-—— — 

smh (ar) o9 

Recall that Ci = ^, 62 = sin]i{ar) §9 together constitute a positively oriented orthonor- 
mal moving frame {61,62} on ]HI^(— a^), whose orthonormal coframe {6^,62} is consti- 
tuted by the differential 1-forms e\ = dr, and 63 = ^^^^^^^d9. So, the associated 1-form 
u* of the velocity field u in (15.1 p is just given by 

(5.2) u* = -h{r-6)e; = -h{r-6)^^^^^^de. 

Qj 

Notice that under this setting, both the velocity field u as specified in (15. ip and its asso- 
ciated 1-form u* are defined on the sector-shaped open region Rs^r,e = {p ^ E[^(— a^) : 
5 < d{p,0) < 6 + €0,0 < 9{p) < r} (The same open region as the one specified in 
(I1.14P ) whose boundary shares the same circular- arc boundary portion Cs^t with dK. 

In accordance with expression (15. 2 p for u*, we will compute {—A)u*, and V^ti step 
by step, just as what we did in dealing with the spherical case. 

Step 1 : Checking the divergence free property of the velocity field u as 
specified in (15. ip . For u as given in (15. ip . in order to verify the divergence property 
d*u* = on the sector-shaped open region Rs^T,e of ]HI^(— a^) as specified in (I1.14p . we 
just carry out the following straightforward computation, which is formally identical 
to those computations being done in (13.30 . 

(5.3) d*u* = -*d*{-h{r- 6)e;} = -* d{h{r - 5)dr} = 0. 

Step 2 : The computation of (— A)m*, for u to be given in (15. ip . Since we 
have d*u = on the open region Rs,T,e of ]HI^(— a^) as specified in (I1.14p . it follows that 
{—A)u* = {dd* + d*d)u* = d*du*. So, as in the spherical case, we first compute du*, 
for the velocity field u given in (15. ip . as follow. 

, ^ d ( sinh(ar) , , ^,1 

du* = - — ■{ ^ — -h(r - S) }dr A dO 

or [ a J 

rr A\ ad f sinh(ar) tnI 7 

smh(ar) or { a J 

f , , , ^, acosh(ar) , , e-\ 1 7 

[ smh (ar) J 
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where we recall that Vol^2(^_^2-^ = A 63 = ^^^^j^""^^ dr A d6 is the volume form on 
EI^(— a^). For u as given in flS.ip . we now compute {—A)u* = d*du* as follow. 

AN * , r,// c-N acosh(ar),, 1,, , 
{-A)u* = *d*\ h'{r -5)+ . , / ' h{r - 5) \Vol^2^_a^) 
[ smh (ar) J ^ ' 

All/ ^\ «cosh(ar) , , ^. 

= *d{ h'ir - 5) H , / ' h{r - 6) 

y sinh (ar) 

^, acosh(ar) 9 /a cosh (ar)\ ] 

smh (ar) or \ smh (ar) / J 

smh(ar)^„^^ - 5) + cosh(ar)/i'(r - 5) - . . /i(r - 5)\de, 



(5.5) 



a sinh (ar) 

in which the second equal sign holds due to the fact that *yo/e2(_a2) = 1, and the 
last equal sign holds since ^dr = el = '^^^^de. To prepare for the proof of Theorem 
II. 9[ we will need the expression of (i|(— A)m* — 2/2ic(ti*)}, for u as specified in (15.11) . 
Since Ric{X*) = —a^X* always holds for any smooth vector field X on ]HI^(— a^), it 
follows from (15. 5p and a direct computation that we have the following expression of 
d[{-/\)u* - 2Ric{u*)}, for u as specified in (15.11) . 

d{i-A)u* - 2Ric{u*)} = |^^^^M^/i'"(r - 5) + 2 cosh(ar)/i"(r - 6) 

(5.6) — af sinh(ar)H — — -]h'(r — S) 

\ smh (ar) / 

+ cosh(ar) ( J- — - - 2 ) h{r - 6) \dr A d9. 

\sinh (ar) / J 

Step 3 : The computation of the nonlinear convection term V„m for u as 
given in (15. ip . 

To compute VuU for u as given in (15. ip . we express V^m as follow. 
(5.T) ^"" = 4 + ^|- 



with A, B to be the two component functions on EI (— a ). To compute B, we take the 

de 



inner product with ^ on both sides of (15. 7p . and carry out the following computation. 



„ /'sinh^(ar) \ ,— d 



sinh (ar) 



(5.^ 



a J h{r — 5) 



g{VuU,u) 



sinh(ar)\ 1 /, ,9\ 



In the above computation, the third equal sign follows from property (1) of the Levi- 
Civita connection V as stated in Definition 13.11 The symbol stands for the 

derivative of the function |up along the direction of the vector field u. 
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Next, we compute the component A which appears in fl5.7p . by taking inner product 

d_ 

dr 



with ^ on both sides of fl5.7p and we get 



(5.9) a - d 

= h(r - 6) . ^ , — rg(u, V^— ) 
smh (ar) ae Dr 

If r\ / ^ ^ \ 

= hir - 0) . , , — zgiu-, \/9_ — ). 
^ ^smh(ar)^ ard9' 

In the above computation, the second equal sign follows directly from the tensorial 
property (property (4) in Definition 13.11) of V. The third equal sign follows from a 
direct application of property (1) in Definition 13.11 of V. While the last equal sign 
follows from the torsion free property (property (2) of Definition 13.11 ) of V. 

Here, recall that 62 = sinh" ar) '§e ' o^'^^ being restricted on each geodesic ray starting 
from the base point O G H[^(— a^) of the normal polar coordinate system {r,9), is 
parallel along that geodesic ray. This simply means that we have V _a_e2 = 0. Hence, 

dr 

we can carry out the following computation in accordance with the Leibniz's rule of 
the connection V (property (3) of Definition 13.11 ). 

Hence, it follows that the component function A which appears in (15. 7p is given by 

So, it follows that for u as given in (15.11) . the term V„m is given by 

(5.12) v„.= -.(^)(M.-*))=^, 

\smh(ar) / ^ ^ or 

whose associated 1-form [V^w]* is given by 

So, by taking the operator d on both sides of (15.131) . it follows that the following 
relation holds on the sector-shaped region Rs^reo of ]HI^(— a^) as specified in (I1.14p . for 
u to be given by (15. ip . 

(5.14) d[Vuu]* = 0. 

Step 4 : The proof of Assertion I in Theorem 11.91 

Here, we will give a simple proof of Assertion I in Theorem 11.91 which states that 
for any quadratic profile /i(A) = aiA — ^A^, with prescribed constants ai > 0, and 
a2 > 0, the velocity field u as specified in (15.11) does not satisfies equation (I1.12p on the 
sector shaped region Rs,T,eo oi ]H[^(— a^) as specified in (11.141) , regardless of how small 
eo > is. Now, assume towards contradiction that for a certain choice of constants 
«! > 0, a2 > 0, the velocity field u as given in (15.11) does satisfy equation (I1.12p on the 
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sector-shaped region Rs,T,eo of EI (— a ) as given in fll.141) . for some eg > 0. Then, for 
such a u as given in flS.ip . we take the operator d on both sides of the main equation 
in fll.l2p . and deduce the following vorticity equation from fl5.4p and fl5.14p . 



= rf|z/((-A)M* - Ric{u*)) + [Vuu]* + dpj 



= i/(i|((-A)M* - Ric{u*)) 

(5.15) = ^| smh(ar) ^,,,^^ _ + 2 cosh(ar)/i"(r - 6) 

— a f sinh(ar) H — — - ) h'{r — 6) 

\ sinh (ar) / 

+ a^ cosh(ar) ( J- — - - 2]h{r - 6)\dr A dO. 

\sinh (ar) / J 

For the quadratic profile /i(A) = aiA — ^A^, the vorticity equation (15.151) reduces to 
the following form 

(5.16) = Gai,a2,s{r)dr A d9, 

where the function GQi,a2,<5('") is given by the following expression. 

Cqi q9 sir) = —1oL2 cosh(ar) — a\ sinh(ar) H — — - | (cti — a2A) 

V smh(ar);' 

/I \ as 

+ a^ cosh(ar) ( — — - - 2 ) (ctiA — — A^) . 

\smh (ar) / 2 ' 

So, if M = — /i(r — ^) 3^^^^^) ^ does satisfies equation (11.121) on the sector-shaped region 

-R<5,r,eo of E[^(— a^) as specified in (11.141) . then, it must follow, in accordance with (I5.16p . 
that the function Ga^^a^.&if) must totally vanish on the interval (5,5 + eo). However, 
we observe that 

(5.18) Gq,, a, = —2a2 cosh(a5) — acti f sinh(a5) H — — r- ) < 0. 

' ' \ smh(ao) / 

Since Gai,a2,s{^) is continuous on [5, oo), (15.181) immediately implies that G'ai,a2,<5 < 
holds on some interval [S,5 + ei), for some < ei < eg , which directly violates (I5.16P . A 
contradiction has been achieved, and we are done in proving Assertion I of Theorem. 

Step 5 : The proof of Assertion II in Theorem 11.91 

Here, for any prescribed positive constants ai > 0, and ^2 > 0, we consider the velocity 
field u = —Y{r)^^, — on the region ils,T as given in (I1.15P of Theorem II. 9[ with 



sinh(ar) d9 

Y 6 C°°([5, oo)) to be a smooth function on [6, oo) satisfying Y{6) = 0, Y'{5) = ai, and 
Y"{6) = —a2- Since the sector-shaped region Qs,t as given in (I1.15P is simply connected 
in EI^(— a^), we know that such u = ~^(^)^i^^if^^ 'wiH satisfy equation (I1.12p with 
some globally defined smooth pressure P on Qs,t if o-nd only if the vorticity equation 
(I5.15P holds on the simply-connected region VLs,t of IH[^(— a^). However, saying that 
the vorticity equation (15.151) holds on the simply connected region VLs^t as specified in 
(I1.15P of Theorem 1 1.91 is equivalent to saying that the smooth function Y G C°°([5, oo)) 
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is a solution to the following third order O.D.E. on [6, oo) with initial values Y{6) = 0, 
Y'{5) = ai, and Y"{S) = -aa- 



(5.19) 



= !!!!i^F'"(r) + 2cosh(ar)y"(r) - a( sinh(ar) + L^V'(r) 

a \ sinh (ar) / 



+ a cosh(ar) I ^ 2 Y{r) 

sinh (ar) 



However, in accordance with the basic existence theorem in the theory of linear 
O.D.E. (i.e. Theorem 13. 3p , we know that there exists a unique smooth solution Y G 
C^{[S, oo)) to (KWf satisfying initial values Y{6) = 0, Y'{6) = a^, and Y"{6) = -aa- 
Moreover, since the coefficient functions involved in fl5.19p are all real analytic on 
[5, oo), it follows that such a unique solution Y G C°°([5, oo)) must also be real- 
analytic on [6, oo). So, according to these observations, we can now deduce that, for 
any prescribed positive constants ai > 0, and a2 > 0, there exists a unique smooth 
function Y G C°°([5,oo)) with Y{6) = 0, Y'{6) = ai, and Y"{5) = -as such that 
u = —Y{^) smh{ar) M ^ solutiou to equatiou f ll.l2p on the simply connected region 
Vts^r as specified in fll.lSp . Moreover, such a unique smooth function Y G C°°([(5, oo)) 
is further known to be real-analytic on [5, oo). So, we are done in proving Assertion 
II of Theorem 11.91 



6. The "Cartesian coordinate system" on the hyperbolic space H[^(-a^) 

The purpose of this section is to introduce a natural coordinate system $ : — )■ 
H^(— a^) on the hyperbolic space E[^(— a^), with = {(r, s) : r, s G (—00,00)} to 
be the parameter space being used to parameterize the manifold 'M?{—a?). Since this 
natural coordinate system $(r, s) which we proceed to construct here is the closest 
possible analog to the standard cartesian coordinate system of the Euclidean space 
M^, we will just call $(r, s) which we construct below to be a "Cartesian coordinate 
system" introduced on EI^(— a^). Again, such a "Cartesian coordinate system" $(r, s) 
on H[^(— a^) which we are going to describe is also another piece of standard knowledge 
in Riemannian Geometry. Indeed, our discussions in this section can be viewed as a 
special case of the well-known procedure of constructing Jacobi-fields along geodesies 
on a general Riemannian manifold, and we refer the interested readers to pages 185-193 
of the textbook by Jost [7j. 

To begin the construction, let O G E[^(— a^) to be any selected point in the hyperbolic 
space ]HI^(— a^) of constant negative sectional curvature —a?. Recall that EI^(— a^) (just 
as M^, or S'^{a^) ) is a symmetric space in that the its geometric structure looks exactly 
the same at any selected reference point, up to isometrics preserving the Riemannian 
metric on EI^(— a^). So, we can just select any reference point O G H[^(— a^), which 
will play the role of the origin of the Cartesian coordinate system as introduced below. 
With such a reference point O in H[^(— a^) to be chosen and fixed, consider a geodesic 
c : (—00, 00) — )■ H[^(— a^) which passes through O in that c(0) = O, and which travels 
towards the East-direction as the parameter r G (—00,00) increases. Recall that 
a geodesic on a Riemannian manifold is really a straight line with respect to the 
Riemannian structure of that manifold. Such a geodesic c(r) which we choose will 
play the role of the x-axis for our Cartesian coordinate system on the hyperbolic space 
EI^(— a^). In order to specify the appropriate y-axis, we will regard EI^(— a^) to be 
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an oriented manifold with the orientation compatible with the anti-clockwise rotation. 
Then, choose w G To]HI^(— a^) to be the unit vector which, together with c(0) = 
-^c\r=o £ ToM'^{—a^), constitute a positively oriented orthonormal basis {c(0),i(;} of 
ToH^(— a^) compatible with the anti-clockwise rotation on To^{—a^)- Then, we just 
consider the geodesic 7 : (—00,00) — t- H^(— a^) which satisfies the properties that 
7(0) = O and that 7(0) = ^7|s=o = w- So, 7 will be a straight line (i.e. geodesic) 
which passes through O and which travels towards the North-direction as the parameter 
s e (—00, 00) increases. So, the geodesic 7, which intersects the geodesic c at the 
reference point O in an orthogonal manner, will play the proper role of the y-axis of 
our Cartesian coordinate system on EI^(— a^). For a technical purpose, consider V{s) 
to be the parallel vector field along the geodesic 7 which satisfies ^(0) = c(0) in the 
sense as specified in the following Definition 

Definition 6.1. Let j : {a,b) ^ M to be a geodesic on a N -dimensional Riemannian 
manifold M . A parallel vector field V{s) along ^ is a smooth map s G (a, h) — )■ V{s) G 
T^(s)M for which the property = holds on {a,b). Here, V is the Levi-Civita 

connection (covariant derivative) acting on the space of smooth vector fields on M. 

Now, with such a parallel vector field V{s) along the geodesic 7 with V{Q) = c(0), 
we consider, for each real value s G M, the geodesic Cg : (—00,00) — EI^(— a^) which 
passes through the point 7(3) in that Cs(0) = 7(s), and which satisfies the condition 
Cs{0) = ^Cs|r=o = ^(■s) G T^(s)E[^(— a^). In accordance with the definition of the 
exponential map about a reference point on a Riemannian manifold, we can express 
the geodesic Cg in terms of the exponential map exp^^^) : T^(<,)H^(— a^) — )■ HI^(— a^) as 
follow, where r G (—00, 00) is the parameter of the geodesic Cg, 

(6.1) c,(r) =exp^(3)(r1/(s)). 

We can now define the smooth bijective map $ : — t- H[^(— a^) in accordance with 
the following rule, where r, s G M are arbitrary real parameters. 

(6.2) <l>(r,s)=exp^(,)(ry(s)) = c,(r). 

Indeed, the smooth map $, which maps the parameter space bijectively onto 
H^(— a^) with smooth inverse is exactly the coordinate system which we intro- 
duced on the hyperbolic manifold E[^(— a^). Next, by means of this natural coordinate 
system $(r, s), we will define two natural vector fields and ^ on the hyperbolic 
space H[^(— a^) as follow. 



Definition 6.2. (Natural vector fields and on HI^(— a^) via the coordinate system 
$(r, s) as given in 06. 2p ). 

For any point p G H^(— a^), the vectors in the tangent space TpHI^(— a^) of 

E[^(— a^) at p are characterized (as linear derivations acting on smooth functions) by 
the following rules. 

d_ 



(6^3) ^ 

ds 



/ = |(/o*) 



$-l(p) 



where f G C°°(]H[^(— a^)) is any smooth function on ]H[^(— a^). Here, we remark that 
the same symbol means totally different things on the two sides of relation (16. 3p . 
The symbol -^\p on the left stands for the vector in TpE[^(— a^) which is to be defined 
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through the right hand side. While, the symbol appearing on the righthand-side 
is just the ordinary partial derivative acting on the Euclidean space at the point 
^~^{p) E M^. The same remark also applies to the symbol appearing in the second 
line of (16. 3p . 

In accordance with the above risrorous definition for the vector fields -i-, and -i- on 

° OT ^ as 

EI^(— a^), for each pair of parameters (r, s) G M^, we can think of the two vectors 
^|<i>(r,s) and ^|$(r,s) in T'<j,(t-^s)E[^(— a^) in the following intuitive manner. 



= (94exp^(,)(r\/(s))} = dr{cs{T)}, 



d_ 

(6.4) 

= a,{exp^(,)(r\/(s))} 

<I>(t,s) 



d_ 
ds 



As a result of relation (16. 4p . it follows that for any point p G H[^(— a^), which is 
parameterized by the pair (r, s) G (i.e. (r, s) = ^~^{p) ), we will have the following 
relation 

(6.5) 



d_ 



= Cs(r). 

p 

Notice that c's(r) itself is a tangential parallel vector field along the geodesic Cg. So, it 
turns out that ^ must be of unit length. That is, we have ||^|| = 1 holds everywhere 



on IP{-a^). 

Next, in accordance with basic knowledge in Riemannian geometry, the vector field 
when being restricted to each geodesic c^, is the uniquely determined Jacobi field 
W^^\t) along Cs satisfying the initial conditions W^^\0) = 7(s), and V csW^^'' \r=o = 0, 
in the sense of the following definition. 

Definition 6.3. On a N -dimensional Riemannian manifold M , let c : {a,b) ^ M to 
be a geodesic. A vector field X{t) along the geodesic c(r) is called a Jacobi field along 
cifV satisfies the following Jacobi-field equation on r G (— oo, oo). 

(6.6) VcVcX + R{X, c)c = 0, 

in which the symbol V is again the Levi-Civita connection acting on the space of all 
smooth vector fields on M, and the symbol R{-, ■) stands for the Riemannian curvature 
tensor which is defined in the following relation. 

(6.7) R{X, Y)Z = VxVyZ - VyVxZ - Vix,y]Z, 

with X, Y , Z to be smooth vector fields on M , and [X, Y] is the smooth vector field 
given by [X,Y] = XY -YX. 

The above definition of Jacobi-fields along geodesic on a given manifold may looks 
strange to those readers who are not familiar with Riemannian geometry. Giving a 
detailed discussion of the precise geometric meaning of the concept of Jacobi fields on a 
Riemannian manifold is out the scope of this paper. Here, we just simply mention that, 
on an intuitive level, the magnitude of a non-tangential Jacobi field along a geodesic 
on a Riemannian manifold encodes the growth rate of the spatial structure of the 
Riemannian manifold in the far range. But, fortunately, the very special symmetric 
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structure of ]HI^(— a^) ensures that the Riemannian curvature tensor R{-, ■) on ]HI^(— a^) 
satisfies the following simple relation. 

(6.8) R{X,c)c= -a^X, 

where c : (—00,00) — )• E[^(— a^) is a geodesic on EI^(— a^), and X is a smooth vector 
field along the geodesic c. So, in the case of the hyperbolic manifold E[^(— a^), we can 
just take relation (16. 8p for granted and hence the Jacobi- field equation as in Definition 
(16. 3 p will reduce down to the following one in the case of a smooth vector field X 
defined along a geodesic c on ]HI^(— a^). 

(6.9) VcVcX - a^X = 0. 

With the Jacobi- field equation as in (16. 9p . we can give a geometric description for the 
vector field ^ as follow. Here, For each fixed s G (—00, 00), let 62"*^ (r) to be the parallel 

vector field along the geodesic Cg which satisfies the initial condition e2''''(0) = ^tIs = 
7(5). Recall that, from our construction, we have 



(6.10) c,(0) = -^c. 



Vis), 



Where V{s) is the parallel unit vector field along the geodesic 7 which satisfies ^(0) = 
-^c\r=o = c(0). Since V{s), as a parallel vector field along a geodesic, always preserves 

its inscribed angle with 7(5), Cs{0) = V{s) must be orthonormal to 7(5) = e2*''(0) 
in the tangent space T^(s)H^(— a^). That is, we have 62'* ■'(0) ± 4(0). Then, e2''''(r), 
as a parallel vector field along c^, must preserves the its inscribed right-angle with 
Cs{t). That is, the parallel vector field 63* ''(r) along Cs is everywhere orthogonal to the 
geodesic Cs itself. Now, since the coordinate system $ : — )■ EI^(— a^), as specified in 
(16. 2p . maps bijectively onto E[^(— a^), we know that each point p G E[^(— a^) has to 
be passed through by exactly one geodesic Cg. So, we can define a global smooth vector 
field 62 on H[^(— a^) by the following relation, where r, s are arbitrary parameters. 

(6.11) e^{^r,s)) = e'^^\r). 

Again, the vector field 62 as defined above is everywhere orthonormal to ^ (just recall 
that ^|$(t,s) = Cs{t) ). Now, we claim that the vector field ^ is related to 62 through 
the following relation. 

d 

= cosh(ar)e2($(r, s)) 

3>(r,s) 

To justify the above relation, we just have to recall that, for each s G (—00, 00), the 
restriction of ^ on the geodesic is known to be the unique Jacobi field W{t) along 
Cg which satisfies the following initial conditions 

W{0)=j{s), 

(6.13) ^_ , 

(Va^) =0. 

r=0 

So, we just have to show that the vector field W^'^\t) along Cg as defined by W^^^t) = 
cosh(ar)e2($(T, s)) is also the Jacobi field satisfying the two initial conditions specified 
in (I6.13p . Once this is done, the uniqueness property of Jacobi field will immediately 
give the validity of relation (16.121) . Now, observe that we must have Vc^Cg'*^ = holds 
everywhere on c^, simply because 62*^ is a parallel vector field along Cg. So, by means 
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of the product rule VxifY) = f)Y + /Vx^, which is one of the characteristic 
properties of any covariant derivative, it follows that 

(6.14) Vc^W'^'^ = asmh{ar)ei"\ 

from which we immediately deduce that W^^^ satisfies the second initial condition as 
specified in fl6.13p . Of course VF** clearly also satisfies the first condition in fl6.13p . Now, 
by taking one more covariant derivative Vc{s) on both sides of the above equation and 

— (s) 

using the fact that Vc^e2 = 0, we immediately obtain 



(6.15) Vc,Vc,W^(') = cosh(ar)e5'^ = a^W^'\ 

from which we see immediately that W^^'^ clearly satisfies the Jacobi-field equation 
(16. 9p . As a result, VF'-^^ is really a Jacobi field along which satisfies the same initial 
conditions as the Jacobi field ^ along Cg. Hence, by uniqueness, relation fl6.12p is true. 

7. The proof of Theorem ll.lUt about parallel laminar flow along a 

STRAIGHT EDGE OF AN OBSTACLE IN Hl^(-a^) 

The goal of this section is to study parallel laminar flows along a geodesic, which rep- 
resents the boundary (straight edge) of an obstacle, in the 2-dimensional space form 
E[^(— a^) with constant sectional curvature — a^. 

Now, let us consider the "Cartesian coordinate system" $ : — EI^(— a^) as given in 
(16. 2p . which we have just constructed in the previous section. For each point p, t{p) 
and s{p) stand for the first and second components of $~^(p) in respectively. That 
is, we have ^~^{p) = {t{p), s{p)). Then, we will consider the following solid region 

(7.1) K = {pe (-a^) : t{p) ^ 0}, 

which will represent a solid obstacle with the straight edge dK along which we study 
parallel laminar flow under the "no-slip" condition. According to the setting as given 
in Section [6l the straight edge dK is exactly the geodesic 7, which represents the 
"y-axis" of the "Cartesian coordinate system" $(t, s) on E[^(— a^). Now, we consider 
the following vector fleld as deflned on E[^(— a^) — K = {p e M'^{—a^)T{p) > 0}. 

(7.2) u{p) = -h{T{p))e2{p) = -h{T{p))- ^ ^ 



cosh (ar(p)) ds 

From now on, the two real- valued smooth functions p — )■ t{p), andp — ?■ s{p) on HI^(— a^) 
will simply be denoted by r and s respectively. Here, we remind our readers that, from 
now on, the symbols r, and s stand for the flrst- and second-component functions of 
the map : E[^(— a^) — ?■ M^. (So, our readers should not confuse them with the use 
of the same symbols "r", and "s" in M which represents parameters of the geodesies 
Cg, and 7 as in the previous section). With this convention for our notations, we can 
simply just write expression (17. 2p in the following "short-hand" form. 

(7.3) u = h{T)e, = -h{r)^^J-. 

cosh (ar J os 

Again, let 62 to be the globally deflned smooth unit vector fleld on E[^(— a^) which 
we construct in Section [HI Recall, that, in terms of the notations as specifled in the 
previous section, 62 is everywhere orthonormal to the unit vector fleld ^ = c^. Now, 
let us denote the vector fleld ^ on EI^(— a^) by the symbol ei. On the other hand. 
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we recall, form (16.1 2p of the previous section, that we have 62 = coshVr) ^ • Then, in 
accordance with our construction in the previous section, we know that 

• Ci = ^ and 62 = cosh(aT) 'is constitute a positively oriented orthonormal moving 
frame on EI^(— a^). 

Then, it follows that the associated 1-forms e* = dr, and 63 = cosh(ar)(is will consti- 
tute an orthonormal coframe with respect to the induced Riemannian metric on the 
cotangent bundle T*EI^(— a^) of E[^(— a^). Then, the volume form on H^(— a^) can be 
expressed as 

(7.4) yo/e2(-a2) = A 62 = cosh(ar)(ir A ds. 

Then, the Hodge-Star operator * : C^{A'^T*B.'^{-a^)) C°°{M^{~a'^)) sending 2- 
forms back to the space of smooth functions is characterized by the defining relation 
*Vol^2(^_a2) = 1, and the tensorial property *{fuj) = f * u, with / to be a smooth 
function and a; to be a differential form. We also recall that the Hodge-star operator 
*C^{T*m^{-a^)) C°°(r*H2(-a2)) sending 1-forms back to the space of 1-forms 
can now be represented by the following rules. 

*{dT) = *e* = 63 = cosh(ar)(is 
*e2 = —el = —dr. 

Now, we can proceed to compute {—A)u*, where u* = g{u, ■) is the associated 1-form 
of the vector field il as specified in (17. 3p . 

Step 1: Checking the divergence free property d*u* = for u as given in 
(17. 3p . Recall that the operator d* = — * d* which sends 1-forms on E[^(— a^) to the 
space of smooth functions on EI^(— a^) is just the operator —div acting on the space 
of smooth vector fields on E[^(— a^). So, the desired divergence free property for u 
as given in (17. 3p is expressed in the form of d*u* = 0, which can easily be obtained 
through the following computation. 

d*U* = *d[h{T) * 62] 
= - * d[h{T)dT] 

(7.6) r d 



— (h(T))ds A dr 

OS 



0. 



Step 2: The computation of {—A)u* for the velocity field u given by (17. 3p . 

Recall that the Hodge Laplacian (—A), which sends the space of smooth 1-forms into 
itself, is given by (—A) = dd* + d*d. Since the velocity field u as given in (17.31) satisfies 
the divergence free property d*u* = on ]HI^(— a^) — K, with K to be the solid obstacle 
with a straight edge boundary as specified in (17. ip . it follows that we have the following 
relation. 



(7.7) 



{-A)u* = d*du. 
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Now, we first carry out the following computation for the 2-form du*, which represents 
the vorticity of u on H^(— a^) — K. 

du* = d{ — h{r) cosh(ar)rfs} 
d 

= — — [/i(r) cosh.{aT)]dr A ds 
1 d 

= TT COsh(aT)]yo/H2(-a2), 

cosh (ar) or ^ ' 

where l/o/e2(_a2) is the volume-form on EI^(— a^) as described in (17.41) . Since *Vo/H2(-a2) 
1, it follows that 

{-A)u* = d*du* 

= - *d* \ ^ — \-E-[H'^) cosh(aT)]yo/H2(_a2)| 

cosh(ar) or } 

( 1 d 

= r? — cosh(ar)] 

[ cosh (ar) or 

, f , , - , , sinh(ar) . 

= *d{ h'{r) + a/i r 

[ cosh(ar) ' 

(7.9) 5 fw, ^ w ^ sinh(ar)) ^ 

= *jr\ h ir) + ah{T) ■ \dT 
or { cosh (ar) J 



5 f, , , , , sinh(ar) 1 

— <^ h'ir) + a/i r ■ — \ * dr 
or [ cosh(ar) J 

•9 f , ,/ \ , / N sinh(ar) 1 w \ , 

— < Ai (r) + a/i(r) ■ — — — - > coshfarjas 
or [ cosh(ar) J 



1 

h"(T) cosh(ar) + a smh.( ar) h' (r) H — — r/i(r) >(is. 

cosh(ar) J 

In the above computation, the symbol h'{T) stands for h'^r) = §7- In the same 

way, /i"(r) and h"'{T) mean h"{T) = {-§;:)^h and h"'{T) = {-§;:)^h respectively. In 
the sixth equality of the above calculation, we have used the basic tensorial property 
*{fu) = f * (w) of the Hodge-Star operator *, with / to be a smooth function and a; 
to be a smooth 1-form. 

Step 3: the computation of the nonlinear convection term (Vuu)*, for u to 
be given in (17. 3p . 

In the computation for the nonlinear convection term (Vuu)*, it is convenient for us to 
work directly with the computation of V„tt at the level of smooth vector fields. Recall 
that the natural vector fields ^ and ^ are everywhere orthogonal to each other on 
E[^(— a^). So, we now express the vector field V^m in terms of the linear combination 
of ^ and as follow. 

or as 

(7.10) v„« = ^A + b|, 



where A, and B are some smooth functions on HI (— a ) which we will figure out in a 

d_ 
ds 



minute. First, by taking the inner product with ^ on both sides of (I7.10|) . we deduce 
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that 

Q 

cosh^(ar)S = g{VuU, -^) 



coshfar) — 

g[\/uU,u) 



cosn(arj 1 

" h{T) ' 2 



u[ \u\ 



2ds 

from which we immediately get i? = on E[^(— a^) — K. We remark that in the above 
computation, the symbol stands for the derivative of the function |np along 

the direction of the vector field u. On the other hand, by taking inner product with ^ 
on both sides of fl7.10p . we can compute the smooth function A as follow. 

(7.12) A = g{V^u, I-) = ^MlL^(V a I-) 

OT cosh (ar) or 

However, since = g{u, ^) holds on H[^(— a^) — K, it follows that we have 

(7.13) = |,(., ^) = giWe^u, ^) + V^^). 
Hence, we can resume the calculation for A as follow. 

(7.14) A = ) ' g{Vau, — ) = y g{u, V a — ) = .V M u, V a — ), 

cosh(arj or cosh(ar) Ur cosh(arj os 

where in the last equality sign, we have used the property V_a = V_e_^, which 
follows from the torsion free property of the Levi-Civita connection. Also, according 
with the Leibniz's rule satisfied by the Levi-Civita connection, we can carry out the 
following computation for V_a_^, with V_a_e2 = (which is true since 62 is parallel 
along each geodesic Cg) being taken into account in the calculation. 

^ ^ d ^ r , / \ 1 • 1 / \ asinh(aT) d 

(7.15) V^— = cosh(ar)e2 = asmh(ar)e2 = —. — ^7;-. 

bt ds bt^- ^ ' j cosh(aT) ds 

Hence, it follows from fl7.14p . and f l7.15p that 

hM I , / N -, / N \ — a sinh(ar) , 

7.16 A= 1/ n -/^ r e2,asinh aT e2 = rr^^ • 

cosh (ar) ' cosh (ar) 

As a result, we finally conclude that 

^ — asinh(aT) , ,,9 9 

(7.17) = rr^^Kr)fjr. 

cosh(arj or 

with associated 1-form (V«n)* to be given by 

/_ N /= X* — a sinh(ar) , , 

7.18 (V„n = ^^{h{r)fdT. 

^ ' cosh(ar) 

Now, for our forthcoming applications of these calculations in the proof of Theorem 
II. 10^ we will need concrete expressions oi d[{-/\)u* -IRiciu*)) andrf(V„M)*. Indeed, 
by taking into account of the basic fact in Riemannian Geometry that Ric{X*) = 
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—a'^X* always holds for any smooth vector fields X on ]HI^(— a^), we can use expression 
(17. 9p to derive the following expression for d{{-A)iL* -2Ric{u*)). 

(7.19) 

d{{-A)u* -2Ric{u*)} 

= d\ h"{T) cosh(aT) + asinh(aT)/i'(r) + { — - — 2 cosh(ar) ) /i(r) I A (is 

1^ \cosh(ar) / J 

h"'{T) cosh(ar) + 2asinh(ar)/i"(r) - 'l^^^^^h'{T) 

cosh(ar) 



- a"^ sinh(ar) 2 H 27 ^(^) (d^ A ds. 

\ cosh (ar) / J 

Also, by taking the operator d on both sides of fl7.18p . we immediately obtain the 
following relation, 

\* d f — asinh(ar) , ,,9! , 

7.20 d{Vuu) =j-\ —\^{h{r)y\dsAdr = 0. 

^ ' os\ cosh(ar) J 

Step 4 : The proof of Assertion I in Theorem 11.101 

With the preparations in the previous steps of this section, we are now ready to give 
a proof for Assertion I in Theorem 11.101 as follow. 

To begin the argument, assume towards contradiction that the parallel laminar fiow 
u = —hij) gQs^^^-) with the quadratic profile /i(t) = air — ^r^, does satisfy equation 

( I1.12P on the simply connected region fi^-p = (^{{Q,tq) x M) of E[^(— a^), for certain 
positive constants Tq > 0, ai > 0, and 02 > 0. That is, the associated one form 
u* = —hij) cosh(ar)ds will satisfies the following Stationary Navier-Stokes equation 
on = <l>((0,ro) xM). 

(7.21) v{{-A)u* - 2Ric{u*)) + V„n* + dP = 0. 

Now, by taking the exterior differential operator d on both sides of fl7.2ip . we deduce 
from fl7.19p and (17.200 that the following vorticity equation would hold on ^2^-0 = 
$((0,To) xM). 



(7.22) 



= d{{-A)u* -2Ric{u*)} 
= |/i"'(r) cosh(ar) + 2a sinh(aT)/i"(T) 
sinh^ far) 



-/i'(r) - a^sinh(ar) (^2 



h{T) \dT /\ ds. 



cosh(ar) \ cosh^ (ar) 

For convenience, we will consider the following smooth function 
(7.23) 

F(r) = |2a sinh (ar)/i"(r) - ^^^^^^-^h' (r) - sinh(ar) (2 + ^ hh) \ . 

y cosh(ar) V cosh^ (ar)/ J 

Since for /i(r) = aiT — ^r^, we have h"'{T) = for all r G M, it follows that, for 
the velocity field u = ~h{T)-^^^^^^^-^, with the quadratic profile /i(r) = aiT — ^r^, 
equation (17.220 on fi^-o = '^*((0, tq) x M) should be equivalent to the following equation. 
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which would hold on Q 
(7.24) 



$((0,ro 




) X M). 

F{T)dr A ds, 



where F{t) is the real-analytic function as given in fl7.23p . Since the differential 2- 
form dr A ds is everywhere non- vanishing on ]HI^(— a^), the validity of equation fl7.24p 
on r^T-o = '^'((0, tq) X R) is equivalent to saying that 

• The real-analytic function F{t) as given in fl7.23p should totally vanish over 
n^^^ = $((0, To) X M). That is, we should have F(r) = 0, for all r G [0, tq). 

So, to finish the proof for Assertion I of Theorem 11.101 we just need to arrive at 
a contradiction against the everywhere vanishing property of F{t) over the interval 
[0,ro). To achieve this, we simply just compute the term f^j^^g = F'{0) as follow. 
Indeed, for the quadratic profile /i(r) 
straightforward computations. 



aiT — , we can carry out the following 



drX 



2a sinh (aT)/i"(r) 



2a^/i"(0) = -2a^a2, 



(7.25) 



d_ 

^1 - sinh (ar) ( 2 



sinh (ar) 
cosh(ar) 
1 



cosh 



ar 



h'ir] 



h{r) 



0, 



where in the above computation, we have taken the information /i(0) = 0, h"{Q) = —a2, 
into account. So, in light of fl7.25p . we can easily deduce from f l7.23p that we must 
have 



(7.26) 



dF , 



-2a^a2 < 0, 



since q;2 > by our hypothesis. The above relation clearly indicates that the func- 
tion F{t) must be a strictly decreasing function in some small open interval (— eo,eo) 
around the point r = 0. This fact, together with -F(O) = 0, will imply that the function 
F{t) must be strictly negative, for all r G (0, eo). This clearly violates the everywhere 
vanishing property: F{t) = 0, for all r G [0,ro). So, we have derive a contradiction 
against the validity of the vorticity equation fl7.24p . Hence, we conclude that the ve- 
locity field u = —h{T) ^, with the quadratic profile /i(r) = air — is not a 

solution to equation fll.l2p on Vtro = "^((0, tq) x M), no matter which positive constants 
To, «! > 0, 02 > we take. 



Step 5: The proof of Assertion II in Theorem 11.101 



To begin the proof of Assertion II in Theorem 11.101 recall that all the computations 
in Section [7] up to fl7.19p are valid for a velocity field u = —Y{t) coshiar) ^^ with 
Y{t) to be any smooth function on [0,oo). Now, we are interested in the question 
of whether a velocity field of the form u = —Y(t) cosh{aT) '§s^ with Y : [0, oo) — R to 
be a smooth function, is a solution to equation fll.l2p on the whole exterior region 
H2(-a2) - K = {$(r, s) G Il^{-a^) : r > 0, s G M}, with the obstacle K = {$(r, s) G 
If {-a^) : r ^ 0,s G M}. Since m^{-a'^) - K = $((0,oo) x M) is clearly simply- 
connected, there exists a globally defined smooth function P on EI^(— a^) — K which 
satisfies equation II. 121 on H[^(— a^) — K if and only if u = ~^('?")— ^j^t — )-§- satisfies the 
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following vorticity equation on HI^(— a^) — K. 

(7.27) d{u{{-^)u* - 2Ric{u*)) + V„m*} = 0, 

which, in accordance with fl7.19p and fl7.20p . is equivalent to the following third-order 
O.D.E. with real-analytic coefficients in the variable r G M. 

= Y"\t) cosh(ar) + 2a sinh(ar)F"(r) 

(7.28) sinh 



2/ 



^r(r) - a' sinh(ar) 2 + y(r). 
cosh(ar) V cosh (ar) / 

In other words, u = ~Y{t)-—^^^ will satisfy equation f ll.l2p on the simply-connected 

region EI^(— a^) — K with some globally defined pressure P on ]HI^(— a^) — K if and only 
if the smooth function Y e C°°{[0, oo)) is a solution to the third-order ODE f l7.28p . 
However, in accordance with the basic existence theorem in the theory of linear O.D.E. 
(i.e. Theorem 13.31) . we deduce that for any prescribed positive constants ai > 0, and 
a2 > 0, there exists a unique smooth solution Y E C°°([0, oo)) to fl7.28p . which satis- 
fies the initial values Y{0) = 0, Y'{0) = ai, and Y"{0) = —a2- Since the coefficients in 
the third-order O.D.E. fl7.28p are all real analytic on M, it turns out that such a unique 
solution Y E C°°([0,oo)) to (17.281) must itself also be real-analytic on [0,oo). With 
such a real-analytic solution Y to fl7.28p to be available to us, we can now conclude 
that: for any given ai > 0, and 02 > 0, the real-analytic solution Y : [0, 00) — t- R to 
(I7.28p . satisfying the initial values Y{0) = 0, Y'{0) = ai, Y"{0) = —02, is the one and 
only one smooth function on [0, 00) for which the velocity field u = — y(r) ^^^^^^^ ^ 
will satisfy equation (I1.12p (with some globally defined pressure function P) on the 
simply-connected open region ]HI^(— a^) — K = $((0,oo) x M). So, we are done in 
proving Assertion II of Theorem 11.101 
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